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Abstract

We study the spectrum of transfer operators associated to various dynamical systems. Our
aim is to obtain precise information on the discrete spectrum. To this end we propose a uni-
tary approach. We consider various settings where new information can be obtained following
different branches along the proposed path. These settings include affine expanding Markov
maps, uniformly expanding Markov maps, non-uniformly expanding or simply monotone
maps, hyperbolic diffeomorphisms. We believe this approach could be greatly generalized.
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Chapter 1

Introduction

Transfer operators are used widely in Dynamical Systems. Their first manifestations going
back, at least, to the Koopman operator, and its use by John von Neumann to prove the mean
ergodic theorem. Next, the Russian school developed the spectral theory for the Koopman
operator acting on L? and its relation to the statistical properties of the system (such as
ergodicity, mixing, ...), [27]. Later attention concentrated on the adjoint of the Koopman
operator, now called the Frobenius-Perron or the Ruelle-Frobenius-Perron transfer operator.
First such an operator appeared after coding the system [12]. Subsequently, starting with
[67, [74], the direct study of the transfer operator acting on functions and, more recently.
starting with [[L1], acting on spaces of distributions, acquired progressively more importance.ﬂ
This is the current focus.

Historically research was mostly focussed on the study of the peripheral spectrum (which
encodes sharp, quantitative, information on ergodicity and mixing), on establishing a spectral
gap (which yields the rate of mixing) (e.g, [60, 6]), and on estimates of the essential spectrum
and relations with the Ruelle zeta function (which encodes information on the spectrum of
periodic orbits), see [[7] for a recent review. For flows or systems with a neutral direction the
study is often more involved but there is still the possibility of some type of spectral gap,
e.g., 29, 16, 19, 17, 80, 23].

However, recently it has become apparent the need of a much deeper and detailed un-
derstanding of the point spectrum [39, B2, B3, 49, 47, 36, 18, b6, 48]. Possibilities include
identifying the point spectrum by understanding the connection to the action of the dynamics
on cohomology [36] or obtaining results related to bands of spectrum for transfer operators
associated to systems with a neutral direction [35, 37, 88, B9, [18]. Additionally various works
investigated the possibility of an explicit description of the spectrum for analytic expanding
or hyperbolic maps [[77, 9, 78] (using Blaschke products), or perturbative and generic results
[b5, 67, [, 10]. Clearly, a more explicit description of the spectrum is important also in ap-
plications as it provides precise quantitative information on the invariant measures, entropy,
decay of correlation, variance in the CLT and so on.

Unfortunately, no general theory exists to address this issue. One exception being the
Hilbert metric technique, see [60], however such an approach can yield results only for the
spectral gap and they are often far from optimal (see Remarks @, @ and ), hence
the need for an alternative approach. The special cases in which some results have been
obtained seem to point to a general philosophy: to study the commutator between some
type of differentiation and the transfer operator (e.g. see [30, 49, B6]). Although this idea is
rather vague, we believe it can give rise to a general theory. In fact, it is surprising that this
approach has not been explored in any systematic way, in spite of the vast literature devoted

'But see [[76] for precursors of this point of view.



to transfer operators. Hence, the first step to substantiate our claim is an investigation of
several concrete examples. This is the task of the present work [20].

We apply the above philosophy to different classes of dynamical system, starting from
very simple ones and increasing progressively in complexity. For each example we obtain non
trivial results that illustrate the power of this approach to the problem. Although our results
fall short of a general theory, we believe they suffice to argue that walking further along this
path is likely to yield interesting results in a much more general setting. Let us describe our
results more in detail.

In section B we discuss the point spectrum for a family of transfer operators of Markov
piecewise affine expanding maps. This is the simplest possible, non trivial, example. Yet, it
goes a long way in illustrating our strategy.

In section @ we address similar questions in the case of full branch piecewise smooth
expanding maps of the interval. The simplest non-linear case. This is a class of maps which
has been extensively studied and for which one could expect that all has been said already.
Yet, we are able to obtain new interesting information. In particular, we concentrate on
two transfer operators. The one associated to the SRB measure for which we obtain effective
bounds on the spectral gap and fine informations about the spectra. The other is the operator
associated to the measure of maximal entropy for which we establish a spectral gap of size at
least eto» — 1. This illustrates the fact, seen also later in other examples, that the transfer
operator associated to the measure of maximal entropy enjoys surprisingly large gaps.

In section f we study the spectral gap for the operator associated to the measure of max-
imal entropy for full branch monotone maps. This includes the case of maps with attracting
periodic orbits. We show that the measures of maximal entropy are exponentially mixing
with a rate, at least, hiop. We are not aware of similar results. Apart from the case of
intermittent maps (when only neutral fixed points are present) for which it is known to exist
a unique measure of maximal entropy which is exponentially mixing. However, even in this
special case, nothing quantitatively precise was known on the speed of mixing.

Finally, in section [§, we study hyperbolic maps. We start, as an illustration, with au-
tomorphisms of the torus. This sheds some light on the difficulties involved in extending
the approach to the general hyperbolic case. Next, we propose a possible solution to such
difficulties: to study the spectrum of the action of the pushforward, for hyperbolic maps, on
forms. This allows, for example, to study, again, the measure of maximal entropy. Once
more we obtain a large gap. In particular, our approach provides alternative proofs, and a
slight strengthening, of recent results by Baladi [§, Theorem 2.1] and Forni [4(], moreover
we establish a topological interpretation of the point spectrum which should hold in more
generality.



Chapter 2

Background Material

2.1 Some Reminders of Functional Analysis

2.1.1 Bochner Integral

The Bochner integral extends the definition of Lebesgue integral to functions that take values
in a Banach space. Let (M, 3, u) be a measure space and B a Banach space. First, a simple
function is any finite sum of the form

s(@) = xmi ()b
=1

where the F;’s are disjoint members of the o-algebra X, the b;’s are distinct elements of B,
and x g is the characteristic function of E. If u(E;) is finite whenever b; # 0, then the simple
function is integrable, and the integral is then defined by

/ [Z XEi(x)bi] dp ="y p(E)b;
M | i=1 i=1

exactly as it is for the ordinary Lebesgue integral. A measurable function f : M — B is
Bochner integrable if there exists a sequence of integrable simple functions s, such that

lim / | f — snlldu =0,
M

n—oo

where the integral on the left-hand side is an ordinary Lebesgue integral. Here, the Banach
space B is equipped with the Borel o-algebra and || - || is continuous, so it is measurable. In
this case, the Bochner integral is defined by

/ fdp = lim Sp dp.
Suppose there are sequences of integrable simple functions {s,} and {3, } such that

lim / I — sulldu =0,
M

n—o0

i [ 17— 5ldu =
M

n—o0

Then for € > 0, there is N € N such that for any n > N

| sl = s <] f oo f, s <

3



So lim,, o fM Sp dp = limy, o0 fM Spdp = fM fdu. Therefore, fM f dp does not depend on
the sequence {s,}.

2.1.2 Spectrum and Projections

Let T be a bounded linear operator acting on a Banach space X over the complex scalar field
C, and I be the identity operator on X. The spectrum of T is the set of all A € C for which
the operator A — T does not have a bounded inverse.

The spectrum of a given operator T is often denoted by o(T'), and its complement, denoted by
p(T) = C\o(T), is called the resolvent set. The operator-valued function R(\, T) = (A—T)~!

defined on p(T), is called the resolvent of T'.

An eigenvalue of T' is defined as a complex number A such that there exists a nonzero vector
u € X, called an eigenvector, such that Tu = Au. In other words A is an eigenvalue if
N(A—T) is not {0}, where N(A) denotes the null space of a linear operator A.

A projector in a Banach space is a continuous linear operator P of the space into itself such
that P? = P.

Lemma 2.1. Let P be a projector in a Banach space X, then R(P) is closed and X =
N(P) & R(P), where R(P) denotes the range of P.

Proof. Since P is a projection, we have P(x — Px) = 0, for any z € X. Hence x — Pz =y,
for some y € N(P). Thus x = Px + y. This shows that X = R(P) + N(P). Now take
x € R(P)NN(P). Since = € R(P), we have x = Py, for some y € X. Applying P to both
sides we get Px = P%y. But x € N(P), hence 0 = Px = P?y = Py = . This shows that
R(P)N N(P) =0 and so we have X = R(P) ® N(P).

If z € R(P) then z = Py, for some y € X. So (1 — P)z = 0 and R(P) C N(1 — P). For
x € N(1 — P), we have = Pz. So x € R(P) which implies N(1 — P) C R(P). Therefore
R(P) = N(1— P), which is closed. O

Theorem 2.2. Let T' be a bounded operator on a Banach space X. Let o(T) = S1 U Sy be a
decomposition of the spectrum of T' such that there is a positively oriented simple closed curve
v within the resolvent set p(T') which encloses an open set G~ containing Si as its interior
and Sy as its exterior. Let
R(z,T)d
27m jg

Then the operator P, is a projection and P, T =TP,. The spectrum of T|gpy is S1 and the
spectrum of T\N(p) is So. As we already mentioned, the operator R(\,T) takes value in the
Banach space of linear bounded operators on X and the integration in the above formula is
done in the sense of Bochner integral.

Proof. Since + lies in the resolvent set, R(A,T) is bounded on ~. It follows that || P, || < oo.
We show that P’? = P,.

Since the resolvent set is open, we can expand 7y to a larger curve v* which contains G- U~y
in its interior and lies entirely within the resolvent set. Therefore by Cauchy’s Theorem,

R(z,T)d
2mj{ (2,

Then



Applying the identity

vl-vili=vuYWw-uywv!
toU=z—-—Tand V =w — T, we can write
R(z,T) —R(w,T)

w—Zz

Rz, T)R(w,T) =

Therefore,

z2,T) — R(w, T

W —Zz

d
= 5 ( dz 7{ d

(2772) . W=z

1 d
- ,2}1{ R(w,T)dw% :
(27i)* J,- SW—z
The first inner integral equals to 27 by Cauchy’s formula and the second inner integral is
zero because w is outside 7. So
R(z,T)d
T o 7{ “

Since the resolvent of T' commutes with 7', it follows P, T = T'P,.

) dwdz

We have already proved that 7' commutes with P,. So TR(P,) C R(P,) and TN(P,) C
N(P,). Let T1 : R(Py) — R(Py) be the restriction of T on R(P,) and T, the restriction of T’
on N(Py). We prove that A — T is invertible for A € Sy which imples o(71) C Si. Actually
we can construct its inverse explicitly as a contour integral:

1 R(z,T)

B=—
211 A—z

dz.

v

where v is as in the statement of the theorem. In fact, since B commutes with 7', it also
commutes with P,. Hence

1 (AN=2)I + (zI—T)

(A-=T)B % o R(z,T)dz
2m (R( )dz
7{ I
v A—
=P,

Thus if Pyo = x, (A —T)Bx = x. We also have B(A] —T')xz = z because T' and B commute.
Thus the restriction of B on R(P,) is the inverse of the restriction on R(Py) of A = T
Interchanging the roles of S7 and Sy, we get o(T3) C So. O

Essential Spectrum

Our aim is to divide the spectrum o(7") into two parts o4(7") and oess(7'). The discrete
spectrum of T', o4(T), which consists of isolated points A € o(T') such that their associated
Riesz projector has finite rank and the range of A — T is closed, and oess(T"), the essential
spectrum of T, which is going to be the remaining part of the spectrum. This motivates the
following definition of the essential spectrum.



Definition 2.3. [15] Let T be a bounded linear operator on a Banach space X. The (Browder)
essential spectrum of T', oess(T), is the set of A € o(T'), such that at least one of the following
conditions holds:

1) The range of A\ =T, R(A\—T), is not closed;
2) Uy>1 N(A =T)" is infinite dimensional;
3) X is a limit point of o(T') \ {A}.

There are many other definitions of the essential spectrum. For example, Wolf’s [81]
essential spectrum is the set of those z € C such that z — T is not Fredholm. Recall that
an operator T : X — X is Fredholm if R(T) is closed and dimensions of both N(7") and the
quotient X /R(T) are finite. The radius of the essential spectrum of 7" is the same for all
different definitions [34], see [34, Section 1.4] and subsequent discussion.

2.1.3 Subspaces

Definition 2.4. Let V C X be a subspace of a normed vector space X. Given x € X, we
define the distance to V' by:

dist(z, V) =inf{||lz —y|| : y € V}.

Definition 2.5. A subspace V' is called a proper subspace of X if it is neither the whole space
X nor the zero subspace 0.

Lemma 2.6. Let X be a Banach space, V. C X a proper closed subspace. Then for every
e > 0 there exists xog € X with |zo|| = 1 and dist(xg, V) >1—¢.

Proof. Let ' € X \ 'V, then d = dist(z',V) > 0, (since V is closed). For each n > 0 there
exists y' € V so that d < ||’ —3/|| < d +n. Let g = ﬁ and n = l%de, for any z € V we
have:

d d
/ / / /
v =l el 2

lzo — 2| = | =1-¢

/ ! / / > -
2" — ¢ =yl —d+n
since ¥ + ||2’ — ||z € V. O

Definition 2.7. A normed vector space X is locally compact if any bounded sequence in X
has a convergent subsequence.

Theorem 2.8. (S. Banach) Every locally compact Banach space X has finite dimension.

Proof. Given linearly independent vectors x1,--- ,x, in X of unit norm, let G, C F be the
r-dimensional subspace of X spanned by these vectors. Being_finite-dimensional, G, is a
closed subspace of X. If it is a proper subspace, by the Lemma we may find a unit vector
xr41 € X such that ||z,41 — ;]| > %,i =1,---,7.

If we may do this for each r, we obtain an infinite sequence (z,),>1 of unit vectors satisfying
llzp — x4] > % for each p # ¢, in particular admitting no convegent subsequence. This
contradicts the assumption that X is locally compact. O

Definition 2.9. A continuous map F : X — Y between topological spaces is called proper if
F~Y(M) is compact whenever M C'Y is compact.

Let L(X,Y) be the space of bounded linear maps from X to Y.



Lemma 2.10. Let X and Y be complex Banach spaces and S € L(X,Y). If S restricted to
closed, bounded sets is proper then N(S), the null space of S, is finite dimensional and R(S),
the range of S, is closed.

Proof. Since S is proper, N(S) = S~1(0) is locally compact. By Theorem @, N(S) is finite
dimensional.

Next we prove that R(S) is closed. Let {x,} be a sequence in X such that {S(zy)} is
a Cauchy sequence on Y. We need to show that {S(x,)} converges to a point y € R(S).
Since Y is Banach, {S(z,)} is convergent. The set {S(z,)} with its limit is compact so by
hypothesis {x;} has a convergent subsequence, let us call x the limit. Since T' is continuous,
S(z) =y. O

2.1.4 Measure of Noncompactness

Let X be a complete Banach space and A a bounded subset of X.

Definition 2.11. We define v(A), which we call the measure of noncompactness of A, to
be the infimum of d > 0 such that there exists a finite number of sets Si,---,S, with
diameter(S; )< d and A = J;_, Si.

Definition 2.12. We call the ball measure of noncompactness of A in X, 4x(A), to be the
infimum of r > 0 such that there exists a finite number of balls Vi, --- |V, with centers in X
and radii r and A C |J, Vi.

Definition 2.13. If X and X9 are Banach spaces and T € L(X1, Xs2), we say that T is a
k-set-contraction if for every bounded set A C X1, vx,(T(4)) < kyx,(A), and we say that T
is a ball-k-set-contraction if x,(T'(A)) < kyx,(A) for every bounded set A in X;.

We define v(T) = inf{k > 0: T is a k-set-contraction} and ¥(T) = inf{k > 0: T is a ball-k-
set-contraction}.

Rem@tzﬂf@?.lél. The above ideas can also be defined for nonlinear maps between metric spaces
[ 8, 68, ]

Denote the closed ideal of compact linear operators of X into X by K. Let Z =
L(X,X)/K. We define a seminorm ||T||x on L(X,X) by ||T||x = infcex ||T + C||, and
IIT|| x induces a norm on Z with respect to which Z is a complete normed space.

Lemma 2.15. The measure of noncompactness and the ball measure of noncompactness
satisfy the following properties:

a) Let A C X, then A is compact if and only if 7(A) = 0. Also, A is compact if and only
if v(A) = 0.

b) An operator T € L(X,X) is compact if and only if ¥(T') = 0. Also, T is compact if and
only if v(T) = 0.

c) A(T) < [IT]].

d) For bounded subsets A,B C X, we have v(A + B) < v(A) +v(B) and (A + B) <
7(A) +73(B).



Proof. a) For ¢ > 0, since A is compact, A can be covered by a finite number of balls of
radius €. Since ¢ is arbitrary, we have ¥(A) = 0. Therefore y(A) = 0, because v(A) < Y(A).
Now assume that A is not compact, then there is a sequence {Zn}nen C A which has no
accumulation point in A. Define B.(x,) := {y € X : ||z, — y|| < €}. Then there exists a
subsequence {xy, }ien such that for any i,j € N, Be(zp,) N Be(wy,) = (0, for some € > 0. If
not, then for any ¢ > 0, there is N € N, such that for any n,m > N, |z, — x| < 2e. So
{Zn }nen has a subsequence which is Cauchy and therefore it has an accumulation point in
A, which is in contrary to the assumption. So we conclude that 7(A4) > vy(A) > .

b) First suppose that T is a compact operator. For any bounded set A C X, T(A) is
compact. So by (a), ¥(T'(A)) = 0 and v(T'(A)) = 0. Hence for any k > 0, T is a ball-k-set-
contraction and a k-set-contraction. So ¥(7') = 0 and v(T") = 0.

Now assume that v(7) = 0. Let A C X, be a ball of radius R > 0. For ¢ > 0, we have
Y(T) < 5. Therefore v(T'(A)) < 5v(A4) < e. So y(T(A)) = 0, then (a) implies T'(A) is
compact. So T is a compact operator. The same proof works for the case (T') = 0.

c) If v(A) = r, then for A > r, there is a covering of A by finitely many sets {B;}" ; of
diameter not greater than X. So {T'(B;)}! will cover T'(A). For any 1 <i<n

diam(T'(B;)) = sup [Tz —Tyl| < ||T| sup [lz—yl < [T,

which implies v(T") < ||T||.

d) Let v(A) = a and v(B) = 8. Then for r > «, there is a covering of A by a finite number
of sets {a;}I' | of diameter not greater than r and for p > (3, there is a covering of B by a
finite number of sets {b;}2; of diameter not greater than p. So A+ B = {z + y}tzeayen C
Ui j{% + y}ecas yep;- Forany 1 <i<n,1<j<mandz,z €aj y,y €b; we have

lz+y—2" =y | <z -2+ ly—¢I <r+p

Therefore v(A + B) < vy(A) + ~v(B).
Now let 4(A) = k and 4(B) = A. Then for y > k, there is a covering of A by a finite
number of balls {B(a;, i)}~ of radius 7; < p and for v > A, there is a covering of B by
a finite number of balls {B(b;, p;)}jL; of radius p; < v. So A+ B = {z + y}reayen C
Ui % + Y}eeBlair) weBb;p,)- Forany 1 <i<n,1<j <mandz € B(a;, 1), y € B(bj, pj)
we have

o+ — (a5 + b5) | < llz — aall + ly — bl < g+ .

Therefore (A + B) < 5(A) + 4(B).
O

Lemma 2.16. Let X and Y be complex Banach spaces and T € L(X,Y). Then we have
Y T*) < A(T).

Proof. Suppose T is a ball-k-set-contraction. To show that T™ is a k-set-contraction, it suffices
to show that if S is a set of diameter less than or equal to d in Y*, T*(S) can be covered by
a finite number of sets of diameter less than or equal to kd + ¢, for any € > 0.

Consider T(B), where B = {z € X,||z|| < 1}. Since ¥(B) < 1 and T is a ball-k-set-
contraction, T'(B) can be covered by a finite number of balls By = (yi) in Y, 1 <4 < n, with
centers at y;, and radii k£ + ;. Select M such that [jy;]| < M, 1 <i < n, and [jy*|| < M
for all y* € S. Hence, we have |y*(y;)| < M? for each y* € S. Decompose the closed
interval [—M?2, M?] into a union of disjoint intervals A;, 1 < i < p, of length less than 5. We
consider an equivalence relation as follows: Given y] and y5 € S, write yj ~ y3 iff for each ¢,
1 <i < n, yi(y:) and y5(y;) lie in the same interval A;;), 1 < j(i) < p. Then we divide S

8



into equivalence classes S;, 1 < j < g,
We claim that diameter (7%(S;)) < kd + €. Take y; and y; in S;. We have

1T*(y1) — T*(y5) || = sup |y; (Tx) — yz(Tx)| = sup |yi(y) —v5(v)l.
zeB yeT(B)

If y € T(B), we know that y € By £(y;) for some ¢, 1 < i < n. It follows that
i (y) — 2 ()] < lyi(y — vi) —v2(y — wi)l + [y1 (vi) — v (vs)l
* * * * € €
=11 —92)(y =yl + [y (w) —wa(w)l < dk + 7) + 5 = kd +e.
Thus, for each e > 0, ||T™(y7) —T"(y3)|| < kd+e. This shows that diameter (7%(5;)) < kd+-e,

and since T*(S) C |J!_, T*(S;), we have covered T*(S) by a finite number of sets of diameter
less than or equal to kd + €. O

Lemma 2.17. Let X be a complex Banach space and T € L(X,X). Assume that for some
n>1,5%(T") < 1. Then for any r > 1,(I —T)" restricted to closed, bounded sets is proper.

Proof. Let A be a closed, bounded set in X and M a compact set. We have to show that
My ={zxe€A:(I—-T)xr € M} is compact. By Lemma @, in order to show that M is
compact it suffices to show that (M) = 0. Notice that (M) is defined, since A is bounded.
Suppose z € My, so that x = Tx + m for some m € M. Substituting for  on the right,
x = T?x + Tm + m, and continuing in this way we find

n—1
r=T"z+ Z T'm. (2.1)
i=0
If we write M, = ST ‘(M), M, is compact, since it is the continuous image of a compact

set. Furthermore, (R.1)) implies that M; C T™(My) + M., so that (M) < (T"(My)), by
Lemma . Since T" is a ball-k-set-contraction, k < 1, ¥(M;) < ky(M;). It follows that
4(M;) = 0. Hence 1 — T is proper.

We want to show that (1 —7")",r > 1 is proper. We proceed by induction. Assume that
for r > 1, (1 — T)"=1 is proper, then for compact set M, (1 —T)~"=D (M) is compact. So
(1-T)7"(M)=(1-T)"Y(1-1)"~1(M) is also compact. Therefore (1—T)" is proper. [

2.2 Nussbaum formula for essential spectral radius

In this section, we obtain a characterization of the essential spectral radius r. = sup{|A| : A €
Oess(T)}. We essentially follow [70].

Lemma 2.18. Let X be a Banach space and T € L(X,X). Let r, := infn(fy(T”))%. Then
limy, 00 (:y(T”))% and limnﬁoo('y(T”))% exist and equal v, and if |\| > rl, N(A=T)" is finite
dimensional for any r > 1 and R(\ —T) is closed.

Proof. We start showing that limsup,,_, . (3(T "))% <
gl

r
For any ¢ > 0, choose m such that ( (Tm))% < rl + . For large enough n, write
n =pm + q where 0 < ¢ < (m —1).
For all S € L(X,X), AC X, we have:

7(5(4)) <3(5)7(A)

Ne}



Hence for all S,T € L(X,X), AC X

Therefore 4 has the submultiplicative property:
Y(ST) < A(S)H(T).

Then, by the above fact and 4(T") > 0 for T' € L(X, X), we obtain

-(3(T))

Since 2% — 1 and 1 — 0 as n — oo, we must have limsupnﬁoo('?(T”))% < rl 4 e. Since €

pm

< (re+e) (3(T))

ya
n

Sk
Sk

(FH(T™)» < (F(T™))

was arbitrary, we have proved lim sup,, %OO('?(T”))% <7l <liminf, (T "))% Therefore
limy, o0 (F(T ”))% exists. In the exact same way, we can prove that limn_mo(v(T”))% exists.
Suppose |A| > r. and n such that (3(T™ n o< |Al. Consider Ty = ()T and notice that
A(I7) = (‘—}\')'Y(T”) = k < 1. By Lemma @, (I —Ty)", for any r > 1 is proper on closed,
bounded sets. By Lemma , N(I —T1)" is finite dimensional for any r > 1, R(I —T1) is
closed. 0

Lemma 2.19. If |\o| > 7., then X\ is not a limit point of o(T) \ {No}-

Proof. We show that all points A # A, in some neighborhood of the point Ay, belong to
the resolvent of 7" and so Ag is not a limit point of o(7"). The case Ao € p(7T') is tivial. Let
Ao € o(T). First we prove that either N(Ag —T') # 0 or N(\g —T™) # 0.

Suppose that N(A\g—T) = N(Ag—T*) = 0. Then (\g—T)"!: D — X existson D = R(A\g—T
which is closed, by Lemma applied to A\g. Assume that D # X, then by Lemma @i
there is u € X, such that [|u| =1 and ||u — w|| > § for any w € D. Let V := span{u, D},
then for any v € V' we can write v = au + w with w € D. Define I(v) := «, then

_ 1 1
oll = flaw + wl| = lal[lu = (=a" w)l| = Sla] = ()]

So
L(v)] < 2[v].

We can then apply the Hahn-Banach theorem, and we have an extension of [ on all X and
1 # 0, since I(u) = 1. For any v € X, (Ao — T*)l(v) = (Ao — T)v) = 0. So (Mg — T*)l = 0.
This contradicts N(Ag —T%*) = 0. So D = X, which implies that A\g — T is invertible on X
and by the bounded inverse theorem, (Ao —7")~! is a bounded operator. Therefore \g ¢ o (T')
and this contradicts the assumption.

Suppose that there exists a sequence {\,}°°, C o(T) \ {\o} which accumulates to .
Then there are either infinitely many @, € N(\, — T) or infinitely many I,, € N (X, — T*).
For each & > 0, there exists 7 € N such that, for n > 7, | A, — Ao| < €[Ao].

In the first case, for any k € N, let M be the subspace spanned by the vectors uz, - -, Uz1k-
Set up = Unar and Ag := Azig. Since up,ug,--- are linearly independent, each Mj_4 is a
closed proper subspace of M. So, by Lemma R.6, there exists vy € My, such that |vg| =1

and d(vg, M_1) > 1—e¢.
Note that vy = agur + wi where ap € R, w, € My_1.
So for k,r, s € N, such that s > k

T vs — T k|| = || T" (asus) + T ws — T k|| = [|asAius + T ws — T vg|
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= [Aslllvs = (ws = AT T ws + AT T o) || = [AG](1 =€) = [(As = Ao+ A0)"|(1 — €)

As — Ao As — Ao
Ao

This implies that 77 {|v| < 1} cannot be covered with finitely many sets of diameter £|Ao|"(1—

g)" 1. Therefore, by arbitrariness of e, (T") > v(T") > 1|Ao|".

In the second case, exactly the same argument implies v(7*") > 1|A¢|". By Lemma ,

HTT) = glXol"

Thus in both cases, r, = infn(fNy(T"))% > |A\o| which contradicts the assumption. So Ag is not

a limit point of o(T"). O

1+

= [ Aol

}T(l —e) > Ao (1 -

) (1—e) > x| (1 —e)t

Corollary 2.20. According to definition of the essential spectrum, Lemma and Lemma
imply that v, > re.

Lemma 2.21. Let T be as above and ro = sup{|A| : A\ € 0ess(T)}. Take r > .. Then there
exists a finite dimensional linear operator F' such that o(T + F) C {\: |A\| <r}.

Proof. Since o(T) N {X : |A\| > r} is a compact set of isolated points, it consists of a finite
number of points Aj,---,A,. Let C; be a small circle about \;, C; N C; = 0 for i # j
and containing only A; from o(7T), and P; = (5%) fCi()‘ — T)~!d\ be the Riesz projector
associated to A;. Since A; does not belong to the essential spectrum, R(F;) which is the
eigenspace associated to \; is finite dimensional. If we write P = )" | P;, we therefore see
that P is a finite dimensional projection. We take F' = T'P.

Let us write N = N(P), the null space of P, and R = R(P), the range of P, and note that
X = N®R. Consider A\ —T — F for |A| > 7. For [\| > rand A # \;, 1 < i < n, we have
A € p(T). Then it is clear that (A —T — F)|[N = A — T|N is a one to one map of N onto N.
Furthermore (A — T — F)|R = A|R, which is clearly one to one and onto for |A| > r. Thus
A —T — F is a one to one map of X for |A| > r. O

The following lemma is not necessary for our applications but we include it for complete-
ness.

Lemma 2.22. Let X be a complex Banach space and T € L(X,X). Then limn_,oo(fy(T"))%,
limn%m(f?(T”))% and limn_mo(HT”HK))% are all equal to re.

Proof. We have already seen in Lemma that limnﬁoo('?(T”))% and lim,, o (7(77))

exist and equal to r,. The same argument as in Lemma D.14 shows that Y= limy, oo |7 1

exists. For S € L(X, X) and any compact operator C' € L(X, X), v(S) = v(S+C) < [|S+C].

Therefore v(S) < |||k, which implies r, < ry.

Now we show that )/ < r.. Suppose not, so that r. < r”, and select r, < r < 7. For this r,

let F' be as in Lemma@ and write 17 = T'+ F. By the ordinary spectral radius theorem

we know that lim,_ .o HT{LH% < r. On the other hand, [|T"||x < |77, so that we obtain
1

r = lim,— 0 [|[T"]|% < r, a contradiction. It follows that r/ < r.. Now by Corollary ,
we have r, =1l =71/ O

= 3=

2.2.1 The proof of Hennion theorem using Nussbaum Formula

Theorem 2.23. (Hennion argument [50]). Consider two Banach spaces X C X, ||| = |||w,
and an operator T € L(Xy,, Xy) and its restriciton to X such that, for some M > 6 > 0,
A, B,C >0, and for each n € N, f € X, holds true

1T fllw < CM™[|fllw;  NT"fI] < A" FI] + BM"[| £l

11



Then the spectral radius of T is bounded by M. If, in addition, T is compact as an operator
from X to X, then the essential spectral radius of T is bounded by 0.

Proof. Using the spectral radius formula and hypothesis of the theorem, we have

3=

1
p(T) = lim |T"||& < lim (CM™)

n—oo n—oo

=M

which implies the first assertion.
For the second part, notice that by Lemma

re = 5, VAT < g, VATBY
where By :={fe X | |f] <1}

Now we prove that T™B; can be covered by a finite number of balls of radius const - 0",
which implies that 7. < lim, oo V/F(T"B1) < lim,,_oo Vconst - 0" = 6. By hypotheses T'B;
is relatively compact in X,,. Thus, for each ¢ > 0 there are fi,---, fn. € T'B;y such that
TBy C U Ua(fi), where Uo(fi) = {f € X | |[f = fillw <e}.

Since f, f; belong to T'(By), there are g, g; € By such that f =T(g), fi = T'(gi). So

\f = fill = 1T(g — 9:)l| < AB|lg — gi|| + BM]|lg — gi|| < A6 + BM.
For f e TB1 N Us(fi), holds
1T (f = f)ll < A0™ Y f = fill + BM™ Y f = fillw < A0 ' (A0 + BM) + BM" e,

Choosing ¢ sufficiently small we can conclude that for each n € N the set T"(B;) can be
covered by a finite number of || - [|-balls of radius const-0" centered at the points {T"_lfi}iv:al.
O
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Chapter 3

Affine Expanding Markov maps

In this section we discuss the simplest possible case: one dimensional piecewise affine Markov
maps. This not only allows us to show our approach in the simplest possible form but,
amazingly, yields results that we have not been able to locate in the literature. In this setting
the invariant densities can be computed easily since the Frobenius-Perron operator can be
represented by a finite-dimensional matrix (see [[13, Chapter 9] for full details).

Here we go beyond the peripheral spectrum and show that studying a particular family
of matrices yields the full Ruelle-Pollicott spectrum. To this end, the smoothness of the
observables is relevant. This will be a leitmotiv in the following and it is essential since it is
known that even the point spectrum of the transfer operator may change drastically if one
%miders a class of observables that allow discontinuities (e.g., see [14, 11] and also Remark

).

Let I := [0,1] and let f : I — I be a piecewise affine expanding Markov map in the
following sense: there exists a collection of disjoint open intervals {I; };VZI = {(pj,pj+1)}
which form a partition of a full measure subset of I and, for all 4, j,

N
j=1

either f(Iz) N Ij = @, or Ij - f(L)

Moreover, we suppose that f’ is constant on each I;. Finally we suppose that there exists
A > 1 such thatl f'(x) > X for all x € U;I;.

The partition {I;}¥, is called a Markov partition. Let T = UN | I; be the disjoint union
of the partition elements. The N x N matrix A defined by

Ali, j] = 1,if I; € f(L;), and Afi, j] = 0, if f(L;) N I; = 0,

is called the adjacency matm’aﬁ of the Markov map f. For convenience let \; := f/| I and
A = min; \;. For anyl & € Ny, let By, be the N x N matrix defined by

By[i,j] := AP Aj, . (3.1)

If partition elements are equally sized then B is left stochastic, i.e., >, B1[i, j] = 1 for each
j. In general there exists a diagonal matrix D such that D=1 B D is left stochastic [13, §9.3].

For simplicity, in the following theorem we additionally suppose that f is topologically
transitive. This means that there exists? a unique f-invariant probability measure which

"'We consider only the transformations f which are orientation preserving. See Remark @ concerning the
general case |f'| > A.

2Tt is also called the incidence matrix [[L3].

$We use throughout the convention N := {1,2,...} and Np := {0,1,2,...}.

4The existence of these invariant measures is well known in this context and also follows from the results
later in this section.
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is absolutely continuous with respect to Lebesgue (denoted pgrp) and a unique measure of
maximal entropy (also known as the Bowen-Margulis measure) (denoted pigy). We let hyop
denote the topological entropy and C*°(Z) denote the set of functions on I which are C*
when restricted to each I;. We can now state a result concerning Ruelle-Pollicott resonances.

Theorem 3.1. There exists a set of complex numbers =, = {£1,&a, -+ } and, for each & € =y,
an associated integerd m; such that, for any ¢, € C*°(Z) and € > 0 there is an asymptotic

expansion
m;—1

Joeor dim= ¥ Y &ntCulone) +o(e)

§i€515|§z’|26 k=0

where C; (¢, p) are finite rank and non-zero bilinear functions of ¢, ¢

The set Z1 is equal (as a subset of C) tol U2, o(Bi) and the equality holds also for the total
multiplicity of each eigenvalue.

Similarly there exists a set of complex numbers =y = {&1,&2, -} and for each & € Zg an
associated integer m; such that, for any ¢, € C*(Z) and ¢ > 0 there is an asymptotic
expansion

[oeot dumi=emn Y S 6.6 + o)

£i€E0:|&|>e k=0

where C| k((;ﬁ, ©) are finite rank and non-zero bilinear functions of ¢, . The set =g is equal
(as a subset of C) to U2y o(B;) and the equality holds also for the total multiplicity of each
etgenvalue.

The proof of the above Theorem is included towards the end of the section and follows from
a significantly stronger result (Theorem @), described in terms of transfer operators, that
needs some further preliminaries to be properly stated.

Remark 3.2. The assumption of topological transitivity means that Bj is irreducible. Since
also D™ By D is left stochastic for some diagonal matrix D it follows that 1 is the leading eigen-
value of By and this eigenvalue has multiplicity 1. Moreover C4 o(¢, ¢) = [ ¢ dusss [ ¢ dpsns-

Remark 3.3. In the case where f has the form x — sz mod 1 for some x € {2,3,...}
we could consider f as a smooth map of the circle. In this case, restricting our attention
to observables which are smooth on the circle, the set of Ruelle-Pollicott resonances would
reducef to {0}. However, studying the same systems for observables that are smooth on the
interval, we see a much more interesting spectrum, see Remark M

Observe that for any r > 0, the Sobolev space W™!(I) is the set of all h € L(I) such
that h and all of its weak derivatives up to the r’th belong to L'(I). Consider, for any r > 0,
the space W™ (Z) which is the set of all h € L1(I) such that, for each 4, the restriction of h
to I; is in W"!(I;). For convenience we write ' and h{") to mean the weak derivative and
I weak derivative respectively of h restricted to Z. For each r € Ny the space W"(Z) is a
Banach space equipped with the norm

Iy =S / 10O ()| de.
1=0 YT

5The integer m; is the Jordan block dimension. A given & might be repeated in Z; according to the
geometric multiplicity.
5The spectrum of a matrix is denoted by o.
"More can be said about the multiplicities and Jordan blocks, see Theorem @ and Remark B
8This can be seen by considering the action of the dynamics on Fourier series.
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In the following, to simply notation, we will write W, for W™(Z) and we will write || - ||,. for
|- |l,.1- Observe that Wy coincides with L'(I).

Since, by assumption, f]| 1, s invertible on its range, let us call g; its inverse (g; := f|; ~ I )
The domain of g; is the mterval f(I;) which might not be equal to the unit mterval If
f(I;) = (0,1) for all j then f is said to be a full branch map. We can now define our main
objects of investigation: the transfer operators. For all k € No, h € LY(I) and = € I; we

define
h(y) .
Liph(x) = = Bili, 7] hogi(x).
kh(z) yefE TG Ej kli; j] ho gj(x)

Since f preserves the Markov partition, composition with an affine transformation preserves
Sobolev space and the sum consists of a finite number of terms it follows that these operators
are well defined as operators L : W, — W,. Similarly they are well defined, by this same
formula, on C"(Z).

Observe that £ coincides with the usual transfer operator: the dual of the Koopman
operator.

We define B, (Z) to be the set of polynomial functionsE of degree r on each interval ;.
Since f is piecewise affine, the space 3,.(Z) is invariant under Ly for each r, k € Ny. Thus, it
is natural to consider the finite rank operator Ek’% ()

Theorem 3.4. Let k € Ny, r € N. There exists a projector Il , : W, — B,(Z) C W, such
that the spectral radius of Ly(1 — Il ,) on W, is not greater than A~ Ar=1) " Moreover

s

o(Lilp, ) = U 0(Bk+1)

=0

and the multiplicity of each eigenvalue & € 0(£k|‘43r(1)) is equal to the sum of the multiplicities
of & as eigenvalues of By, 1 € {0,...,7}.

The remainder of this section is devoted to the proofs of the two above theorems.

Remark 3.5. For each r € N this result tells nothing about the spectrum of £; within the
disk {|z| < A= 47D} Indeed we know that this disk contains the essential spectrum (see
24)).

The next equality is our key observation. Albeit very simple, the rest of the paper relies
on it and variants thereof.

Lemma 3.6. For all k,r € No, h € W, and 1l € {0,...,7},
(Leh)Y = Lo hD.

Proof. Fix k,r € Ng. The claimed equality holds trivially in the case [ = 0. Observe that, by
chain rule, for all z € Z;, h € C*(Z),

(Leh) (x) =Y Aj Bili, k' 0 gj(x) = > Brsa[i, jlh' 0 gj(x) = L1k ().
J J

If we assume that, for some [ > 0, the claimed equality holds, i.e., for all h € C*>°(Z),

(Lih) D (@) = LyprihD (),

9The second sum here is understood in the sense that, when the summands are defined on a subset of the
full integral, they are extended to the full interval by taking the value zero where not defined.
108tudying the action on polynomials was also used for the vertical direction in the pseudo Anosov case [34].
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then, using the previous observation,
(Leh) T () = (LpphD) (@) = (Lo ATD) ().

The equality for all [ follows by induction. Using the density of C*°(Z) in W, we obtain the
result for h € W,.. O

Remark 3.7. In general we could allow the A; to be positive or negative. If £; coincides with
the operator associated to the SRB measure the derivative A; occurs with absolute value in
the formula. However, as is clear from the proof of the above lemma, when the derivative
occurs as a result of differentiating the sign of the derivative remains. This means that, if we
are interested in pipy then we should consider Byli, j] :== A} *A[j, 1] but, if we are interested

in fisrs, then we should consider Byli, j] := A; (k=1) ])\ I~ A, ).

To proceed we now prove a set of Lasota-Yorke inequalities for the operators Ly : W, —
Wi
Let Tg := ||f'|| ;o and, for all k € N, let Ty := A~(*b=1),

Lemma 3.8. Let k € Ng, r € N. Forall h € W,,

[1£xhll, < TiliAll,
1€ehll, < A=+ DR], + TillR]l, .

The first inequality also holds in the case r = 0.

Proof. We start by considering the case k € N. Let h € W,. By definition of || - ||, and
Lemma

ICkhll, Z / (£ @i = / L thO ()| e
<3 A / El\h(l)(x)]d:c.
1=0 z

Since, by the obvious change of variables, [ £1|h)(z)|dz = [, |h!)(z)|dz the above implies
that, for all » € Ny,

| Lkl <Z)\ (k+i—1) /|h )|d. (3.2)

That is, ||Lrh|, < A~* DA, as required to prove the first inequality. Moreover, when
r > 1, the above (@) implies that (here we separate the term [ = r from the rest of the sum)

|Lkh]|, < A~Hk+r=D /|h z)|dz + A~k /h(l )|dx

< AR+ A,

as required by the second estimate.
To conclude we must consider the case k = 0. First observe that, for any h € C*>(Z),

/I \Loh|(z) di = / L f'h(x) < / L1l Bl @) < [1F e /I 1h](x) da

16



Similar to the proof in the case k € N, by definition of the norm and Lemma @,

ICohl, Z/\ (Loh) \dx—Z/Vth 2)|dz.

This means that, for all » € Ny (recall that T'g = || f'|| ),

ICohll, < Z)\‘l/ 1£oh D (2)]dz <r02/ KO (2)|da
1=0 z

and so proves the first inequality. On the other hand, now assuming that r > 1,

1Loh], /|£ h(" |dx+2/!£zh z)|dz
T 1=0 7T

Consequently
r—1
2okl <A [ O @)ds 410 Y [ B0 (@)da.
T =0 T

Thus, || Lohll, < A~C=D||A|,. + To||h|| as required. O

r—1°

Lemma 3.9. Let k € Ng, r € N. The operator Ly, acting on W, has spectral radius bounded
by I'y, and essential spectral radius bounded by \~*+7=1).

Proof. The first inequality of Lemma @ implies that the spectral radius is bounded by I'j.
For all r € N, W, is compactly embedded in W,_;. This means the Lasota-Yorke inequalities

of Lemma @ imply, by Theorem , that the essential spectral radius of Ly is bounded by
Af(k+7’71). 0

Remark 3.10. The above estimate of the spectral radius will often not be optimal but it
suffices for our present purposes. Subsequently we will improve this estimate by proving a
connection of the spectrum of the transfer operators with the spectrum of the matrices By.

For convenience we use the notation D : h — h'. For any k € N, v € C, let Ex(v) denote
the generalised eigenspace for L associated to the eigenvalue v. I.e., Ex(v) is the set of h
such that (L — v)™h = 0 for some m € N. An immediate consequence of Lemma is the
following commutation relation: For any [, k,m € Ng, v € C, h € W,

Dlo (L — v)™h = (Liyy — v)™ o D'h.

This in turn means that
D'Ey(v) C Epp(v). (33)

Proof of the first statement of Theorem . Let k € Ng, r € N. According to Lemma@
the essential spectral radius of £, : W, — W, is not greater that A\~ (*+"=1) Fix some arbitrar-
ily small € > 0 and define Hy, - := {v € ow, (Lx), || > A~FF=D 1€l L For cach v e Hi,r let

P, denote the associated spectral projector and hence let 11}, := Zueﬂk _P,. Consequently

Ly — Ly o1l , : W, = W, has spectral radius not greater than A~(k+r=1) 4 ¢ For any [ € N

HYWe denote by op (L) the spectrum of an operator £ acting on a Banach space B.
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Lemma @ gives an upper bound of A== for the spectral radius of £; : Wi — W, and so
Ey(v) = {0} whenever |v| > A== As observed above (@), differentiating r times takes
the generalised eigenspace Ei(v) to the generalised eigenspace Ej,(v) of the operator L.
However Ej,(v) = {0} since |v| > A=*+7=1)_ This means that Ex(v) C B,(Z) whenever
v € My, and so we have shown that the image of Il is contained in U, ey, , Ex(v) C B (Z).
The claim follows by the arbitrariness of e. O

We can identify RY with §3o(Z), the set of functions that are constant on each partition
element, in the sense that we associate the functionl? >°. 4,17, € Po(Z) to each a = (a;) € RY.
Let 7 € N. The space (RV)+1) ig identified with B, (Z) as follows. We use the notation
(a%al,...,a") € RM)"*Y where o = (a],a),...,a)) for each j. Lettd 7 : RNU+D

&Br(-’Z), N
T, ... a") x> leZaéllj(x).
=0 j=1

Observe that 7 : RN+ 5 93 (7) is onto and invertible.
For any k € Ny, r € N we define the N(r + 1) x N(r 4+ 1) matrix

Thr = J o ﬁk“ﬁr(I) oJ.

In order to understand the spectrum of Ek\%(z) it suffices to study the spectrum of the
matrix T,

Remark 3.11. Tt is not required for the present work but the inverse has the form J ' :

hs (a® al,... a") where a” = %h(r) and, iteratively for [ € {r — 1,7 —2,...,0},
1 N C
I _
a _ﬁ<h_ Z X]CL]> )
j=l+1

This is well defined since the terms h(") and@ h— Z;:l 41 xJal are guaranteed to be piecewise

constant by construction. We prove that the above formula coincides with J~! as follows.
Let (a%,a',...,a") € RN+ and consider (0°,0',...,0") = T 1o J(a,dl,...,a"). Le.,

(0,6, ... b7) = j_1<§r:xlal>.
=0

(r)

Since (Z;:() Xlal> = rla” we see that b" = a" as required. Now suppose that we have

already shown that v/ = a’ for all j € {I 4+ 1,...,7}. This means that

r l
b = %w(j(ao,al,...,a’") — Z xlal>(l) = l1!7r<ijaj>(l) =d.
j=0

j=i+1

Lemma 3.12. Let k € Ng, r € N. Then Ty, has lower block triangular form

By, 0
Fio Bri1

Tieir = : : .. ’
Fr,O Fr,l cee Bk-‘,—r

2The symbol 14 denotes the characteristic function of the set A.

13 Abusing notation we will often write the same symbol for a € R and the corresponding a € o (Z) with
the interpretation given by context.

MYWe use the notation x™ to denote the function z — z".
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where the matrices on the diagonal are the ones previously introduced in (@)

Before proving the above lemma it is convenient to introduce some further notation.
For each j let ¢; := f(p;r) (i.e., limeso f(pj + €)). Observe that, for all x € I;, f(z) =
Aj(x — p;) + g;. Consequently, for all z € f(I;),

gi(x) = (x — )\, + pj. (3.4)

Proof of Lemma . Fix k € Ng, 7 € N. Forany [ € {0,...,r} we consider (a°,a',...,a") €
RN(+1) and suppose that o/ = 0 for all j # 1. This means that J7(a’, al,... a") = xla. We
wish to compute J 1o Ly 0 J(a’ al,...,a") = T ' o Li(x'a). Using formula @ or the

inverse

1
le Bk13a3<x)\1—qj)\ +p])
(3.5)
= le ) Biyili, jlaja + p(x),

where p € B;_1(Z). Le., Lr(xla') = x!Byyal + p, where p € P;_1(Z). This proves that Ty,
has lower diagonal block form and that the diagonal elements of the block matrix are the
Bt U

Remark _3.13. The exact form of the matrices F;; which appear below the diagonal in
Lemma are superfluous to our present argument and we won’t identify them further. If
they were required they can be obtained from the above details (@) and Remark .

Proof of Theorem . The first statement of the theorem was proven above, it remains
to prove the second statement. Recall the lower triangular block form of 7, as shown in
Lemma E We can assume without loss of generality that each Bjy; is in lower triangular
form. If a matrix is in triangular form then the values on the diagonal are the eigenvalues
repeated according to multiplicity. That each Bjy; is in triangular form means that the
N(r +1) x N(r + 1) matrix T, is in triangular form. Moreover the diagonal is the union
of the diagonals of the Bjy;. This implies the claimed correspondence of the eigenvalues of
Tk and the union of the set of eigenvalues of the {BkH}LO, including correspondence in
multiplicity. O

Remark 3.14. The lower triangular block form shown in Lemma and the argument of
the above proof further implies that, if some Byi; has a Jordan block of dimension m € N,
then 7y, has a corresponding Jordan block of dimension m or greater. On the other hand
Tk has the possibility to have a Jordan block of greater dimension if a given eigenvalue
appears in more than one of the By.;.

Proof of Theorem . Fix k € Ny. For each r € N consider the finite set of eigenvalues
(&2 = ow, (Lx) \ {]2] < A==}

described by Theorem @ We define as usual the corresponding eigen projectors {II; : W, — WT}]K:TO

and eigen nilpotents {Q; : W, — Wr}ﬁo which satisfy the commutation relations: II;II; =
Oik, I;Qr = Qpllj = 6;,Qp. Let S, := 1 — (II; + 1y + - -- + 1k, ) and observe that LS,
has spectral radius not greater than A~**7=1) This means that the operator £ : W, — W,
satisfies the decomposition

K,
Li =Y (&1 + Q;) + LSy (3.6)

=1
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Further observe that each operator we define remains defined by the same formula on W, for
any r sufficiently large.

Now let us recall the connection between the transfer operators and invariant measures
(see [61] or [6] for full details). For each k € {0,1} there exists hy € W, (the invariant
density), a probability measure vy, (the conformal measure), v, > 0 (the spectral radius) and
a probability measure uy defined as ux(¢) = vi(hrp) (the invariant measure). Moreover
vi(Lrp) = evr(e) and pr(p o f) = pi(p).

In our present setting pg is the measure of maximal entropy ugy and gy is the SRB
measure Lggg. Furthermore In~yg is equal to the topological entropy, 71 = 1 and v; coincides
with Lebesgue measure.

Continuing for & € {0,1} we observe that

/¢'900f” dyup = /<¢>-hk><x>-soof"<x> dvi (@)
I I
— /I L3(6 - hi)() - o) di(a)

We then combine this formula with the spectral decomposition above (@) to produce the
asymptotic expansion required. O

Remark 3.15. If f is full branch, the matrices By4; are such that all the entries in any
column j is equal to )\j_(kH). The spectrum of this type of matrix is the union of zero and
the sum of entries on different columns. Consequently Theorem @ implies that, outside of

the disk {|v| < A= +7=D1 the spectrum of L, : W, — W, is equal to {&,...,&_1} where
N — (kD)
g =N A,

e In the case k = 0 we obtain £, = Z;VZI )\? =N;

o In the case k = 1 we see that { = Z;Vﬂ A;l = Zjvzl |I;| = 1.

Remark 3.16. Observe that By is the transpose of A and that, for any Markov _map as
considered in the present section, the logarithm of the spectral radius of By is equal [21], §2.1]
to the topological entropy.

Remark 3.17. Consistent with previous notation, C"(Z) denotes the functions which are C"
smooth on each partition element ;. In this section we used Sobolev spaces W, but, with a
slightly more complex argument, we could equally well have worked with C"(Z).

3.0.1 A Jordan block example

In the following we construct an example of a Markov expanding map such that B; has a
Jordan block of dimension two (strangely enough we are not aware of a published example
that shows the existence of Jordan blocks in the spectrum of a transfer operator).

Let I; = (O,%), I = (%,%), I3 = (%,%), Iy = (%,1) and let f : I — I be as shown in
Figure @, defined by
3x + i ifxel
1 .
flz) = zgx_‘f) %fxeb
r—3) ifrxels
3($ — %) if z € Iy.



This means that

0 L 1 1

01 1 1 3 2 3
Aot 1o Bl_%%%%
- ’ 11 1 1
1100 : 20 2

1 110 %OOO

The matrix Bj has the eigenvalues {—%, 0,1} and the eigenvalue —% has a Jordan block of

Figure 3.1: An expanding Markov map with a non-trivial Jordan block

1

0.75 |-

0 0.25 0.5 0.75 1

dimension two. If we let

Iy 3 o b
ay = 8 , a2 = 6 |, a3:= _0 ; 4 = 8 )
1 0 1 3

then Bia; = —%al, (B + %]l)ag = a1, Biag = 0 and Bjay = a4. In particular {aj,as}
span the generalised eigenspace associated to the eigenvalue —%. Since the essential spectral
radius of £1, when acting on W, r > 2, is smaller than 1/4, then L1, on such spaces, has a
Jordan block in the point spectrum.

Q

Remark 3.18. Another example of an affine expanding Markov map is the Baladi map studied
in [25]. This is a system which exhibits non-trivial complex resonances. In the reference the
connection between resonances and decay of correlation was considered and the outer set
of resonances identified. Our results give a description of the full set of resonances for this
system and the connection to the decay of correlations.

Remark 3.19. The simplest example that fits the framework of this chapter is the doubling
map,  — 2z mod 1 (a comprehensive investigation of the resonances can be found in [31,
§3]). The eigenfunctions for the doubling map are the Bernoulli polynomials.
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Chapter 4

Piecewise smooth full branch
expanding maps

In this section we discuss the simplest non-linear case: full branch maps. For such maps
there exists already some general quantitative results on the spectral gap, e.g., [60, Section
2], however they are not optimal, we will comment about the comparison case by case.

Let f € C"(]0,1],[0,1]), » > 2, be a full branched piecewise expanding map, f' > A > 1.
For k € Ny let us consider the transfer operator

Lhw) = Y W)

yef~1(z)

Observe that Ly is the operator associated to the measure of maximal entropy while £; is
the operator associated to the SRB measure [f].
The key fact we wish to leverage on, in analogy with Lemma @, is the following formula

(ﬁkh)/ = Ek+1h/ + kL (hD) (4.1)

where
1y,
7

i Amazingly, the above formula yields several non trivial facts. To illustrate its power we

D=

start discussing the operator L.

4.0.1 Measure of maximal entropy

Lemma 4.1. If f is a N covering, then oc1(Ly) C {N}U{z € C : |z| < 1}. Moreover,
o2 (Lo)N{z€C ¢ 2] > A} = {N}U (001 (L) N {z € C : || > A"1})
'For the measure of maximal entropy see also the beginning of section H where it is explained in a more

general setting.
2Here, as in the previous section, the derivative is taken only at the smoothness points of f.
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Proof. Note that Lo1 = N, so N € o(Lp). By (@) and a direct CO]fnputationE

1£ohloe < N[l
I(£5h) oo < ILTH o < ClIN |l

By usual arguments this implies that the essential spectral radius of £y, acting on C', is one.
On the other hand if Loh = vh, with |v| > 1 we have, for all n € N,

VR = (LRR) = LTH

which, since ||£}]|;1 = 1, implies |A’| = 0, that is, h must be constant on the monotonicity
intervals of f. But since h(z) = v ! ZyGF—l(a:) h(y), it follows that h is constant, thus v = N.

To conclude observe that on the one hand, if EOH =vH, H € C?, then £1H' =vH'. On
the other hand, if £L1h = vh, v # N,h € C!, set H.( fo y)dy +c. We have H. € C? and

(v —Lo)H.) = (v —L1)h =0
Thus there exists constants a such that o = (v — L) Hoy, hence
(v—Lo)H.=(v—Lo)Ho+ (v — Lo)c=(v—Lo)Ho+ (v —N)c=a+ (v— N)c.

Thus, choosing ¢ = —(v—N)~!a, we have LoH,. = vH,.. The result follows since the essential
spectrum of £, when acting on C', is bounded by A~*.
O]

Remark 4.2. Note that the proof of Lemma @ implies that Loh = [ h dpgy + Qh, where
psv s the measure of maximal entropy, and [|Q"||;1 < C. That is, Lo has a spectral gap
N — 1 while the Hilbert metric technique can yield, at the very best, a spectral gap N — A,
see [60].

The above shows that the spectrum of Ly is largely determined by the spectrum of L;.
Hence, before continuing our investigation of the spectrum of Ly, it is necessary to undertake
an investigation of the spectrum of L.

4.0.2 The SRB measure

Note that the vector space V = {h € C! : fol h = 0} is invariant under £;, we can thus
restrict £q to V. If we define

x 1 x 1
P(g)(x) = /0 9(y)dy — /0 (1 =y)g(y)dy = /0 yg(y)dy +/x (v — Dg(y)dy, (4.2)

then ¢ : C° — V and ¢(h') = h for all h € V. Thus, for each h € V,
(L1h) = Loh' + L1(p(R)D) =: L (K). (4.3)

The relevance of the operator L, rests in the next Lemma.

( ) kg fn k=1) fk+1

’
),) ‘ <||D||(1 =A~")~'. We can thus use formula (@) for f™, rather than for f.

3Note that

1
thus ‘((fn
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Lemma 4.3. If f € C([0,1],[0,1]), then the spectrum of L1 : C* — C' satisfies
oer(L1)N{z€C : |z >A 1 ={1}Uoeo(L)N{z€C : |z] > A1

Proof. Tt is well known that the essential spectral radius of £, when acting on C! is bounded
by A~!, hence we can restrict ourselves to the point spectrum.

Since 101 oLih = ]Ol(gp o f) - h, it follows that the Lebesgue measure is an eigenvector,
with eigenvalue one, of the dual operator, and hence 1 € o¢1(£1). In addition, V= {h € C' :

fol h = 0} is invariant under £1. It follows that if £;h = vh, |v| > A~! and h € C!, then

h' € C° and (@) implies £,h’ = vh’. On the other hand if g € C° and L,g = vy, || > \74,
then h = ¢(g) € V and
(L1h —vh) = L,g —vg = 0.

Hence, there exists a constant C such that £1h — vh = C, but integrating we have C' = 0,
thus A is an eigenvector of L. 0

Remark 4.4. Note that the above Lemma holds verbatim with Wh! substituted to C'. In
the following, we find more convenient to consider the spectrum of £; when acting on Wh!.

Lemma 4.5. The norm of Lo on L' is bounded by \=t. The operator L.(g) = L1(¢(g)D),
acting on L', is a compact operator. In addition, for all g € L

1
6@l 52 < 3l
9@l < llgls
3
(@) lwra < Sl

Proof. Since
[£2h]l e < ATHIL1hll L < AT AN

the first statement follows. Moreover,

1 1 1
[ @ @las <2 [ latwlu = )ds < 3lal

1
6(g) ()] < /0 9|y = llgll-

Finally, |¢(g)'||;1 < |lg]|;1 implies the last inequality and also that ¢ is compact, the com-
pactness of L. follows. O

Theorem 4.6. Let us consider L1 as an operator acting on WH1, then o.s(L1) C {z € C :
|z| < A7 Moreover o(L£1) \ {1} C {z € C : |2| < 7}, where

)

Proof. If v € C is such that |v| > A™! and £1h = vh, for some h € Wh! with [ h = 0, then
L,g = vg, for g = h'. Then, recalling Lemma ,

dy ="'+ Dl .

1 1\
v <At +/ < > d o
wlllgll e gl ze N\ 7w ) | 16(9)l
< A DN ] gl o
This proves the theorem since A’ = 0 implies h = 0. O
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The above lemma provides an upper bound for the spectral gap, but it is very unsatis-
factory. First, such a bound is of interest only if 7 < 1 (for example, in the counterexample
of Keller, Rugh [b5] 7 > 1). Second, even if 7 < 1, it is unclear if there exists other point
spectrum outside {z € C : |z| < A71}

Remark 4.7. For £, the Hilbert metric approach yields a bound of the spectral gap given
by a rather cumbersome formula. However, if one considers the limit of large A and small
D, then, using [60, Lemma 2.3|, one can check that the bound of the spectral gap cannot
be better than A™!(1 + 2||D||so) + || D||so, Which is worse than the one provided, in the same
limit, by Theorem {.6. However, for large D the bound of Theorem is useless while [60,
Lemma 2.3] provides an explicit, although rather poor, bound.

Very few results are known on the existence of point spectrum with the notable exception
of cases when the map has been explicitly constructed to exhibit point spectrum [55] or
when one restricts the map to the class of holomorphic maps, often of a special nature, as
in [0, 77, 78]. No analytical technique is available to treat C? open classes of maps. On the
contrary a lot of work exists on the side of numerical computation, mainly of the invariant
measure but also, to some extent, of the spectrum, e.g., see [63] and references therein. While
most of the numerical work does not track round off errors and hence it is unsatisfactory from
the rigorous point of view, some notable exceptions use interval arithmetic and hence have
the status of a proof, e.g., [2, 13, b1|.

Hence, it is interesting to note that the present approach offers an alternative, possibly
much more convenient, route to a numerical computation of the spectrum.

Remark 4.8. We conclude the section with a remark on how the above discussion can provide
a numerical scheme to locate eigenvalues. Let g := L1(¢(g)D), ¢ being defined in (@)
Also, let {p;}3°, be a base of W' such that, calling Iy the projection onto span{p;}¥,
and Ky := IIyKIly, we have

1T =Tl pr < CNTH
To study the spectrum of v — L,, 1 > |v| > A~ when acting on L!, write
v—L,=w—-Ly)[1—(v— Eg)fllC] = —Ly) [1-TIn(v— Lo) 1Ky + An]
= (v = £2) [1 = Ty (v = £2)7'KTIN] (1= [1 =Ty (v — £2)'KTIy] ™' A ),
Ay = (1 —TIy)(v — Lo) 'K + Ty (v — L2)7'K(1 — Ty).
Note that Lemma @ implies
ANl < Cy A = ) TINTE

Thus v belongs to the resolvent of L, if

— Ty (v — Lo) KTy "
11 Ty 22) ] ™ s < S B RN Ty
Since []L —Iy(v — 52)71]61—[1\7]*1 is a finite matrix, its norm can be evaluated numerically
(and is essentially proportional to the inverse of the determinant), hence it follows that the
spectrum of L, is close to the values of v for which Iy (v — L£2)~'KIIy has eigenvalue one.
This provides a rather quick way to determine rigorously if £ has point spectrum outside
the spectral radius of Lo, aside from one.
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4.0.3 Point spectrum

If we consider class of maps with some special features, it is possible use arguments like the
ones put forward in Remark to obtain relevant information about the point spectrum
without any computer assisted method.

As an example, the next Theorem provides more precise information on the spectrum in
a special class of maps. Note that the following approach can be generalised, here we present
only the simplest application to illustrate the logic of the argument.

Theorem 4.9. Let I :=[0,1] and f : I — I. Consider the partition {(p;,pi+1)}Y, to be a
partition of a full-measure subset of [0,1] such that for any 1. <i < N, f([pi,pi+1]) = [0,1],

fe C3é[pi,pi+1é ,[0,1]), and f'(pf) = f'(p;), i €{2,...,N} ™ Also assume that D # 0 and
D > 08 Thent for £, : W21([0,1]) — W21(]0,1])

o(Ly) C {z €C : [z] <min {1, f’(l) - f’%o)}} u{1}
Oess(L1) C {z eC: |z < f,(l)Q}

In addition, {1} is a simple eigenvalue of L1 and there exists uy < f’%l) such that (p2,1) N
o(Ly) =10.

Remark 4.10. As an example consider f(z) = 4 — 2> mod 1. In this case Theorem
applies with D = ﬁ >0, f/(0) =4 and f’(1) = 2 and implies that

<‘i}u{1}\{z€© : R(2) € (“”ﬂ}

Oess(L1) {z eC: |z| < i}

IS

c{zeC:

Remark 4.11. Note that if D =0, then f/(1) = N and £ has eigenvalue N~! with eigen-
function ¢g(z) = = — 5. Indeed,

Lig(z ZN <I+'>—J§(z+z‘)gzz\7<z+N2—1]D:Ng(x).

1=0

By perturbation theory, see [@], it follows that such an eigenvalue survives for small distor-
tion. However, the above theorem implies that,for perturbations satisfying Theorem , one
cannot make it increase more than % — %

“By g(p*) we mean the right and left limit, respectively, of the function g.
5Hence there is no need to distinguish between p; and p;"7 so we will not do it anymore.
SNote that the following provides a spectral gap if f(1) > 2
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Before proving Theorem @ we needs few preliminary lemmata.
In this case it is convenient to define ¢(g)(z) = [; 9(y)dy and

Lyg=Log+ L1(DY(g)).

Note that £ is a positive operator: if g > 0, then

Lig > L1(Dy(g)) > 0.

This facilitate the study of its spectrum. There is an obvious connection it with the operator
we are interested in:

1
Log=Log— (L1D)- /0 (1~ y)a(y)dy, (4.4)

that is L, is a rank one perturbation of L, .
Before proceeding further we need some information on £ .

Lemma 4.12. The spectral radius of L, acting on L', is p, := ﬁ Moreover, usx is an

eigenvalue of L', , acting on L with eigenvector given by Lebesgue.

Proof. Note that, for all g € L,

/01E+g(y)dy = /01 [?,((yy)) dy + (f,zy)>,¢(g)(y)] dy = /01 <¢J(;?)>Ey) dy

1 1 1 /!
= S0 (0) = @O = s [ o) v

Hence, ﬁ is an eigenvalue of the dual of £ and hence it belongs to the spectrum of L.

(4.5)

The lemma follows since

1
5 /[ et a (16)

O

1 1
/0 Iﬁ+g(y)|dy§/0 E+Ig|(y)dy=f,

Note that the above Lemma implies that the space Vo = {h € L! | fol h = 0} is invariant
under L. However, this does not give much information on the spectrum. To learn more it
is convenient to study the operator £, acting on W1,

Lemma 4.13. For all g € W' we have

1L1gllrr < pllgllpe
IL1gllwrr < p2llgllwra + BIIDll + 1Dl + 1D?| 11 + p)llgll -

Proof. The first inequality follows from (@) Next, for each g € Wb, using again (@), we
have
(L+9) = Lag'+3LaDg + L2D"P(g) + L1D*P(g). (4.7)

Thus (note that D > 0 implies that f” < 0 and so f/(0) > f(x) > f'(1)),

I(£+9)er < 12lg g2 + GBI Dl + 1D 1 + 1D 22) gl -
The Lemma follows using again (@) O

Lemma 4.14. pu, is a simple eigenvalue of L. In addition, there exists p1 < ps such that
owi (L) C{mt ULz €C ¢ |2l < m}.
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Proof. Lemma and Theorem imply that the essential spectrum of £ is contained in
a disk of size p2. Thus u, must be an eigenvalue, let hy € WH1\ {0} C C° be a corresponding
eigenvector. Next, suppose that £, g = p.e?g, then p.|g| < L£]g|, but then

1
/0 Lilgl— pslgl =0

thus ps|g| = L£4]g]. Accordingly, we can assume that hy > 0. But then it must be Ay > 0.
Indeed, if there exists  such that h (z) = 0, then, calling y the maximal element in f~1(z),

0= pah () > fiy) (},)Em /O hy.

Hence hy(x) =0 for all x < y. Iterating the argument we have that hy(xz) =0 for all z < 1,
and, by continuity, hy = 0, contrary to the assumption. Accordingly, if there exists another
h such that £ih = pyh, then it cannot be zero anywhere otherwise |h|, which is also an
eigenvalue, would be identically zero. But then there exists o € R such that ahy — |h| has a
zero and hence h = ah,.

Therefore, if € 41,9 = £, g then there must exist 9 € C° such that g = e”h. It follows

0 :M*h—i- _ e*i&*iﬂﬁ_ﬁ_(eiﬁh_‘r) _ £+h+ _ 67i97i19£+(€i19h+)

L, [1 _ e—i@—iﬁof—‘riﬂ} hy + LD [¢(g) _ e—iO—wofw(eiﬁh_‘r)] .
Taking the real part and integrating yields

/1 1 —cos[@+vof—1]
0= -
0 f
Since both terms are positive, the only possibility is 8 + ¥ o f(z) — ¥(y) = kn. This implies

that ¢ is constant and hence g is proportional to hy, hence it must be § = 0. This proves
that py is the only peripheral eigenvalue and the spectral gap. O

1 T
hy + /deD(w) /Ody [1—cos[f + Yo f(x) —I(y)] hi(y).

We can now conclude our argument.

Proof of Theorem @ Equation (Q) and Lemma imply the bound on the essential
spectral radius.

Since f’ is continuous on [0,1] we know that fol ](ﬁ)ﬂdy = 1/f'(1) — 1/f'(0). This
means that the first statement of the theorem follows from Theorem where

T:A—u/ol ()

It remains to show the absence of the eigenvalues in the interval (u1,1). By equation
(@) we have that if £,g = zg then

1
(:— Li)g = —L1D /0 (1 - 9)g(y). (4.8)

Note that, if |z| > p1, then the right hand side of the above equation cannot be zero otherwise,
by Lemma , we would have g = h4 and z = p,, but then the integral would be strictly
positive. By the same argument, since D # 0, z # u.. It follows that, possibly after a
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normalization, for |z| > p; we can write g = (z — £,)7'£1 D, and substituting in (@) we
have

1
(2= L4) " L1D(x) = —(2 — E+)_1£1D(w)/0 (1 =y)(z = L+) " L1D(y)dy.
Accordingly, if we define
1
=) =1+ [ = 9)(e— L0 LDy
0

1 1
S () /0 £:D(y)dy - /0 y(z — £1)" L1 D(y)dy

1
1 =)™ | = | - G- €0 D

we have that z is an eigenvalue of L, if and only if Z(z) = 0.
Note that, if z > u,, then

1 0 1
[ @G- eDway =Y [ (1= e LDy > o
0 |

Hence, Z(z) > 1. On the other hand we can rewrite equation Z(z) = 0 as

1
2= [l — [f’zl) f’EO)] /O y(z — pe)(z — L4) ' L1D(y)dy

=~ |70~ 7wy *

Note that § is analytu: for |z| > p1. By Lemma Y - it follows the spectral representation
Lih = pihy fo h + Qh where for all > g there exists C, such that ||Q"||y11 < Cppu™.
Thus

(4.9)

1 1
B(z) = /0 dyyh(9) /0 LiD(E)dE + Oz — i)

which implies

PR IESSESS [ OIS R |

Hence, there exists puo < s such that (@) has no solution for z > pus. i O

Different operators

As a last comment on the present approach to the study of the spectrum of L1, let us remark
that it is possible to investigate the commutation relations with different operators. As an
example, let us consider the operator A(h) = h’' + ah for some function a. Then

AL1h = ﬁgh/ + L1Dh+ L4 (a o fh) = ﬁg(Ah) + L (D — ? + o f) (4.10)

"With some further work one could estimate p2, but we believe the above suffices to show how to proceed.
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In general, is not obvious what the best choice of & could be. To keep the discussion short
let us consider only the special, well known, case in which In f’ is C' cohomologous to a
constant.B That is, there exists a C' function B such that

Inf'+B—-Bof=c
Then we can choose o = B’ and obtain
ALh = Lo(Ah).

Accordingly, if £L1h = vh, [v| > A71, then Lo(Ah) = vAh, thus Ah = 0. This implies that
h =e Ba, a € C, hence

E1€_B = ﬁoe_c_Bof = 6_C_B£01 = €_CN6_B.
Integrating yields e N = 1, hence v = 1. It follows that
oci(L1) C{1}u{zeC : |z| < /\_1},

hence, as expected, the existence of a large spectral gap.
In the general case, one could try to minimise D — % + o f in order to produce estimates
that improve Theorem H{.9.

8This happens if f is C* conjugated to a map fe(x) = fx mod 1, £ € Z with |¢] > 2.
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Chapter 5

Full branch monotone maps

Up to now we have considered uniformly expanding systems. However much of our arguments
were rather general, it is then natural to ask if one can apply the present philosophy also
to non-uniformly expanding maps or even maps that expand only in some part of the phase
space. We believe the answer to be affirmative and to justify such a belief we discuss one of the
simplest possibilities: one dimensional full branch monotone maps (See [(4] for full details).
Of course, for such more general systems one cannot expect to prove as many results as in
the previous section. Yet, some interesting and novel results can be obtained. To illustrate
such a fact we will discuss the operator associated to the measures of maximal entropy.

Let P = {I1,...,In} be a partition of [0,1] in the sense that the I; are open disjoint
intervals and U, T; = [0,1]. Let f :[0,1] — [0,1] be a map such that f(I;) = (0,1), f|s, is
invertible and f|;, € C!. Thus each point in (0,1) has exactly N preimages. Suppose that
A = f]| < oo. We write M for the set of maps satisfying the above properties.

Remark 5.1. Note that maps in M can have attracting fixed points or attracting periodic
orbits.

Remark 5.2. Note that we ask only f|;, € C!, rather than f|;, € C'T® as is necessary when
studying the SRB measure.

Also note that A > N since

N N N
N=Y Wi Y [ 1@ de < AY I = A
i=1 i=1 7 1i i=1

where the inequality is strict if f’ is not constant.

Note that, identifying 0 and 1, we could see f € M as a piecewise monotone map from
the circle to itself.

We want to investigate the mixing rate for the measure of maximal entropy. We start
recalling some well known facts (see [21] for a review).

Lemma 5.3 ([65, Theorem 1]). For f € M holds the variational principle

hiop =In N = sup h,(f)
HEM

where M is the set of invariant measures of f and h,(f) is the Kolmogorov-Sinai entropy.

Our next goal is to construct a measure pgy of maximal entropy by using the transfer
operator Ly introduced in the previous sections.
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We start by noticing that, for each h € C*,

1
colls < [ 2l = [ 1100 < Albl

(5.1)
1(Loh) (|1 = IIL1h | 2 < W[l 11
We have thus the Lasota-Yorke inequality
Lol 1 < AllR| L1, (5.2)

[(Lom)lyra < lhllyra + AllR]

From (@) and Hennion’s Theorem it follows that the spectral radius, on W1, of £y is
bounded by A while the essential spectral radius is bounded by one.

Theorem 5.4. The operator Lo when acting on W' has the spectral decomposition Loh =
N - pgn(h) + Q(R) where Q1 = 0, upu(Q(h)) = 0, for all h € Wt and ow1,1(Q) C {2 €
C : |z| <1}

Proof. We know that if v € o(Ly) and |v| > 1, then v is point spectrum. That is there
exist h € Wl such that Loh = vh. But then, differentiating, we have £1h' = vh’ where
k' € L'. However, L1 is a contraction on L', hence it must be either |v| < 1, contrary to the
hypothesis, or A’ = 0. The latter implies that h is constant, hence, we can always normalise
it so that & = 1. On the other hand Lol(z) = >  cf-1(;)1 = N. Hence v = N and has
geometric multiplicity one. If the geometric multiplicity is not one, then there must exists
h € WH1 such that Loh = Nh+ c for some constant c. But then, differentiating, £,/ = NA/,
so h must be constant again, hence the maximal eigenvalue is simple.

It thus follows that Lo = N1 ® pu + @ where @ has spectral radius smaller or equal one,
Q1 =0, u(Qh) =0 for all b € WH1 u(1) = 1, and p belongs to the dual of W', It remains
to prove that p is a measure and, indeed, a measure of maximal entropy tgum.

Note that, for each h € W1,

1
/ N~"Llh
0

Thus p is a measure. In addition, for each h € C! such that h > 0, we have

(k)] = lim

n—oo

1
< : —Nn rn — .
< lim [l [ VgL bl

1
p(h) = lim N™"Lyh >0
n—oo 0
thus @ is a positive measure and, since it is normalized, it is a probability measure. Next,
note that

1 1
pw(Loh) = lim [ N"Lpt'h=N lim [ N "Lih= N -pu(h).
n—o0 0 n—oo 0
It follows
p(ho f) = N~ u(Loho f) = N~ u(hLol) = p(h).

That is p is an invariant measure. In addition, by the above considerations, ([0, 1], f, ) is
ergodic.

The proof is concluded if we show h,(f) > hiop. Let P, denote the nt-refinement of the
partition P. Let p € P, and p_,py+ € P, be the elements on the left and the right of p,
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respectively, if they exist. Let J = p_ UpUpy. Let h € C(R,[0,1]) be supported in .J and
such that h|, = 1. Then L{h(z) < 3 and

1 1
p(p) < p(h) = lim [ N-™LmHh < lim 3 / N-mnLm
0

m—ro0 0 m—0o0

= 3N ""u(1) = 3N "

Accordingly, calling p,(z) the element of P, which contains z, the Shannon-McMillan-
Breiman Theorem (e.g., see [71, Section 6.2, Theorem 2.3]) states that for pu almost every
point

h(f) = hu(P, f) = lim —llnﬂ(fn(a;)) > lim nN'"Y" =1In N,
n—oo n

n—oQ

which concludes the proof by Lemma @ O

Remark 5.5. We do not know if pgy is unique in this case, we have just constructed a pigy;.
Look at next subsection to see a case where it is easy to prove that the measure of maximal
entropy is unique.

Remark 5.6. The monotone interval maps and transfer operators studied in this section
fit into the framework considered in [5]. In the reference the essential spectral radius (as
operators acting on BV) is obtained and consequently a spectral decomposition. Here we
show that the spectral gap is large for the operator associated to the measure of maximal
entropy.

We have finally the announced mixing rate estimate

Corollary 5.7. For any v > % there exists C, > 0 such that, for each h € W' and

¢ € L (pisu)

‘/h oo f" duBM/h duBM/soof" i

< G hllwrallell

UBM)®

Proof. We start assuming that ¢ € C'. Then, using Theorem @,

‘/hgpofn d/‘BM_/hd/‘BM/SOdNBM

1
:‘ lim / N™™(L5h po f™)(x) dm—/hduBM/go dpipy
0

m—00

1

=g [N g do - [ ndue [ o du
m o0 0

= ’/@N"ﬁgh dppy —/h d,uBM/ga dltgm

= ‘/@N_nth d/-‘LBM

< Co [l yyun / | dim.

The corollary follows by a simple approximation argument. O

5.0.1 Non-uniformly expanding maps

Let A C M the set of maps such that f’ > 1, f/ =1 at finitely many points and A = || f’|| , <
00.
This class of maps includes the well known Manneville-Pomeau map [[72, 62].
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Remark 5.8. In [24] non-uniformly expanding systems are studied and the existence of a
spectral gap (and hence decay of correlations) is proven for a class of equilibrium states
which includes the measure of maximal entropy. The approach in [24] is based on Hilbert
metrics and, although not stated explicitly, it provides a poor estimate of the spectral gap
(see Remark for similar considerations) whereas our present approach provides an explicit
and close to optimal estimate.

Here, we limit ourselves to the one dimensional case to present the idea in its simpler form.
It is likely that similar results can be obtained for more general non-uniformly expanding
maps, e.g., the higher dimensional examples treated in [24].

In this case we can prove that the measure of maximal entropy is unique.
Lemma 5.9. Any map f € A is expansive.

Proof. Let x = minjep|I|. For each § > 0 let Zs = {[a,b] C [0,1] : [a,b] C I,I €
P ;b —al >} and, for each [a,b] € Zs, define ¢(a,b) := |bla| f: f(€)d¢. Note that, by
hypothesis, ¢(a,b) > 1, and since it depends continuously from a, b (which vary in a compact
set) there must be 75 > 1 such ¢(a,b) > 75. Accordingly, f™(z) and f"(y)) always belong
to the same partition element we have |f™(z) — f™(y))| < « for all n € N which is possible
only for z = y. On the other hand, if for some f"(x) and f"(y) belong to two different
partition element, then either |f™(z) — f™(y)| > & or they belong to contiguous elements of
P. In such a case it is easy to see that there exists ¢ such that either |f"(x) — f™(y)| > § or
|f" 1 (z) — f7*L(y)| > 6, hence the expansivity. O

Lemma 5.10. For f € A the measure of mazximal entropy pgy s unique.

Proof. Since the map is expansive, there exists a map @ : [0,1] — {1,... ,d}N =: ¥ which
is well defined and invertible, apart from countably many points, that conjugates f with
the full shift ¢. Hence, ® induces a measurable isomorphism for each non-atomic measure.
On the other hand for (X, 0) holds the variational principle, hence the sup of the metric
entropies is the topological entropy, which is In IV, and there exists a unique measure of
maximal entropy. Since atomic measures have zero entropy, and since the entropy is an affine
function of the measures, it follows that the sup on the measure entropies is achieved on
non-atomic measures. Thus, via the isomorphism ® and since the entropy is an invariant for
measure-preserving conjugacy, it follows that measure of maximal entropy for f is unique. [
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Chapter 6

Hyperbolic maps

For hyperbolic, or partially hyperbolic maps the situation is less clear than in the expanding
case and much more remains to be understood. Yet, the ghost of a general theory seems to
be present. Let us start with the simplest possible case: linear maps.

In this case it is possible to study the problem using Fourier series (see [@]), however it is
interesting to develop an alternative approach that does not rely on the algebraic structure
of the map and thus has the potential to be applicable in greater generality.

6.0.1 Automorphisms of the torus

Here we consider a linear map f : T — T™ defined by f(x) = Az mod 1 where A € SL(d,Z),
i.e., a matrix with integer coefficient and det A = 1. Let us call E" the unstable subspace,
E? the stable one and E° the central one.

Note that, by hypothesis f preserves the volume, thus the volume is the SRB measure.
We are interested in its statistical properties, hence in the transfer operator

Lh=hof L
Next we introduce a norm. Let {v7}, [[v7]| = 1, be a basis of E® and {v}'}, |[v!| = 1, be

a basis of E" and define aj/“h = <Uf/u, Vh),

llyg = sup sup [|0] -~ 05, ¢lloo
0<k<qi1,.--sig

pq = Z sup  sup /ngoag‘l--'a&h.

0<k<p ot el S

6.1
I (6.1)

We call BP9 the completion of C* with respect to the norms || - |4-

In the following we assume E" # {0}. In addition, to simplify the exposition, we assume
that A has no Jordan blocks. The general case can be treated with a slight sophistication of
the following arguments. We can thus choose the v} such that Av}’ = v, with A\; > A > 1.
Also let A be such that [|A|gs|| < A7L

Remark 6.1. The above norms are inspired by H They are one of the many possible
constructions of anisotropic Banach spaces adapted to hyperbolic maps or flows, see [[] for
an extensive discussion. Given the linear structure of the invariant foliations, the norms (p.1])
turn out to be especially convenient and simple to deal with, hence allowing a completel
self-contained discussion. In the next section, we will use instead the norms defined in [@i
in order to avoid having to redevelop the all theory (e.g. the Lasota-Yorke inequality) in the
style of [E] which would certainly be possible.

35



The following is the equivalent of [3, Proposition 3.2].

Proposition 6.2. There exist D, B, > 0 such that, for each p,q € N, we have

I1LRlIp.g < [[Pllpg
[Lh]pq < D)‘imm{p’q}Hth,q + Byllhllp-1,4+1-

Proof. Since (v,V(ho f=1)) = (Df~1v, Vh) o f~1. We have

k
/gpag.‘.a;;ﬁh:ﬂ%l/ @o fOr - Olh.
Tn le J T

Since | o fli1q < |¢|k+q, the first inequality follows.
Next, note that

Il = sup s [0k O ot il

i1,...,ip |50|1S7+q§1
Thus, by the above computations,
1£hlpg < A7Pl|Bllpg + [1£0]Ip-1.q-

It thus suffices to consider the case k < p. If |p|p1q < 1, then, for each € > 0, let ¢. be
such that |¢ — @eli,, 1 <&, o — @elf, < 2and [pelf 4 < Ce~1, for some fixed constant
C>2.

‘/ (palul...a;zh’ SHA;]?{
T 1

k
< H A;jl {max{& A~ DY h

/(w—soa)ofax---a;;h

n Calrhuk,qﬂ}

ba+ O g |

J
< 227D hflgg + OX|llk g1
where, in the last line, we have chosen ¢ = 2A7%~%. Accordingly,

1£hllp.g < (AP 4+ 2X79)|[lp.q + CAY|[R]

k,qul-
The Proposition readily follows. O

Remark 6.3. Note that Proposition @ implies that the spectral radius of £ when acting on
any space BP? is bounded by one. On the other hand, since £1 = 1, the spectral radius must
be exactly one.

The following is the equivalent of [3, Lemma 4.1], although the proof follows a different

path, easier in this particular case.

Lemma 6.4. If E¢ = {0}, then, for each p,q € N, {h € BP9 : ||h|pq < 1} is relatively
compact in BP~1atL,

!Such a function can be constructed by convolving with a mollifier in the space E°.
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Proof. Let ds = dim(E?) and d,, = dim(E"). By hypothesis d = ds + d.

Let U : R% — R such that {(v,Uv)},epas = E* and V : R% — R9 such that
{(Vo,0)}yepa, = BB

Finally, consider mollifiers j5/%(z) = =%/« /% (e~ 1z), where j5/* € C>°(R%/» , R, ) such
that suppj*/* C {||z|| < 1} and e §%/%(x)dx = 1. Then, for each |p|p4, < 1

s/u

/ dxgp@“ O / da:/ dvp(z 4+ v)ji(v )Bf‘ -8“ h(:c)—i—(’)(eHth?q)
Td Td Rds
/ da / do [ dwg( +v—w)j0)j )0 08 h(z) + Ocl|hlpq)
Td Rds Rds
= [ do @)t -3 hia) + Ofelhlg).

Note that [|¢,||cptar1 < CeP~! and hence for each ¢ there is a set {¢;} <, C CP9 such that,
for all ¢ we have ||y, — ¢il|cp+a < € for some ¢;. It follows that, for each ¢,

[Allp-1,g+1 < Crellhllpq + sSup
i<Ng

pih
Td

From the above the wanted compactness follows by a standard diagonalization argument. [
We can now define the operators D;h = 97 h. Then
DLf = (Df v, Vho f=1) = \j(vi, h) o 71 = \iLD;h. (6.2)

The usefulness of these operators rests in the following Lemma. This is the only place
in which we use Fourier series, however the result follows essentially from the accessibility
property although with a more cumbersome proof.

Lemma 6.5. If h € BP9, p > 1 and D;h = 0, for all i, then h is constant. In addition, the
D; are bounded operators from BP~L4T1 o BPA,

Proof. Recall that Katznelson Lemma [53] (applied to (A~1)*) implies that there exists Cp >
0 such that, for each z € Z™ \ {0},

dist(z, (E* @ E°)) > Coll2] ™", (6.3)

Let hy, # 0, k # 0, be a Fourier coefficients of . Then 5]\]% = i(vj, k)hy,. But if (vi, k) =0
for all j, then k£ L E?, contradicting (@) Thus h must be constant. The fact that the D;
are bounded operators from BP~14F! to BP9 is a direct consequence of the definition of the
norms in (6.1)) and integration by parts. O

We are now ready to draw our conclusions.

Lemma 6.6. If E¢ = {0}, then for each € > 0 and p,q are large enough we have opr.a(L) C
{1}u{z e C : |z| <e}.

Proof. By Proposition @ and Lemma @, together with Theorem M we have that the
spectrum in the considered region is only point spectrum provided A~ ™™P% < ¢ We thus
require p, ¢ to be such that A\~ min{rad < ¢,

Next, suppose that Lh = vh with |v| > ¢, then, for all j, (@) implies

L(DIh) = \; "v(Dlh).

2We can always choose coordinates in which this is possible.
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But since |)\§{1/| > 1 it cannot be an eigenvalue of £, thus it must be D?h = 0. But, since
integrating by parts yields
/ Dih =0,
Td

for all 0 < I < j, Lemma @ implies that h must be a constant, which, in turn, implies
v=1. ]

Remark 6.7. Lemma @, by the usual arguments, implies that C° observables have a super-
exponential decay of correlations.

Remark 6.8. It seems reasonable to expect that a similar result, albeit possibly by using a
different Banach space, should hold also if E€ is not trivial. However, the proof of Lemma @
fails in this case so it is unclear how to obtain the needed compactness. Hence, at present, it
is not clear how to apply this strategy to partially hyperbolic systems, even in the simplest
case.

The nonlinear case is much more subtle even in the Anosov setting. The obvious idea
would be to consider an unstable vector field w and the operator D = (w, Vh). Unfortunately,
in general, unstable vector fields are only Holder. Hence, it is not clear if D is a well defined
bounded operator from BP4 to BP~14+1 To solve this problem one should probably use
different banach spaces in the spirit of (for some appropriate version of such spaces such as
the ones introduced in [45], see [79] for some recent progress along these lines).

Indeed, on the one hand w is smooth along unstable manifolds, on the other hand in the
stable direction is only Hélder so its derivatives must be regarded as distribution, like h, and
multiplication of distributions is a rather touchy business. So the situation, although not
hopeless, is rather unclear.

Such issue needs further thought. Here we limit ourselves to explore an interesting alter-
native: considering the external derivative d as the appropriate differential operator. This
simple change of perspective yields interesting results since it seems to provide a connection
with the topology of the manifold. At least, this is the situation in the following where we
discuss only the simplest case: two dimensional Anosov maps.

6.0.2 Anosov map on two dimensional manifolds

Let M be a smooth two dimensional compact and connected Riemannian manifold and f €
Diff>*(M, M), be a transitive Anosov map. In other words, there exists A > 1 and two
continuous strictly invariant cone fields C*,C* such that, for all x € M,

[z foll = Aol Vo € C*(2)
ldo f~10ll > Allv]l - Vo € C*(x).

Remark 6.9. According to the Franks-Newhouse Theorem [12, 66], every Anosov diffeomor-
phism of a two-dimensional compact Riemannian manifold is topologically conjugate to a
hyperbolic toral automorphism. Hence, in our case, M must be homeomorphic to T?. Note
however that in the following the smoothness of the map plays a fundamental role, hence one
cannot in general reduce the discussion to the case T? = R?\Z2. It is thus convenient to argue
considering M a general two dimensional manifold. This has also the advantage to emphasise
the possibility of a higher dimensional extension. Indeed, we will use the Franks-Newhouse
Theorem only at the end of the argument (Lemma ), to characterise the cohomology
groups.
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In analogy with the previous sections, we will obtain results on the mixing properties of
the measure of maximal entropy pigy.

Theorem 6.10. The exists r € N, C > 0 and k € (0,1) such that for all g,h € C>® and
n € N we have

/ gofnh’d;uBM_/ gd#BM/ hdlLBM
M M M

This result is a corollary of the much more precise Theorem and it is proven in section
. To state Theorem we need to first introduce several objects.

< Cligllgr 1 pllgre™"er ™,

6.0.3 The operators

The operator associated to the SRB measure is simply (e.g., see [@])
Lh(z) = (det Dy-1(,) f) " ho fH(a).

However, in the present context the interesting object to study seems to be the action of
forms, or rather currentsH Recall that the pullback on a differential form w by a map g is
defined as

(g*w)m(vl, UQ) = wg(x)(da:g(vl)a d:rg(UZ))'

If g is a diffeomorphism we can define the pushforward as g.w = (¢ !)*w. It is then natural
to define the action of the dynamics on forms as the pushforward f,.

Let wp be the Riemannian volume. Then any two form can be written as w = hwg for
some function h. Then

[frw(vr,v2))(w) = ho fH(x)wo((def (1), duf " (v2))
=ho f ) det(qu(z)f)_lwo(Ul, v9)(x) (6.4)
= [Lh - wg] (v1,v2)(x),

That is, the operator L is equivalent to the pushforward on two forms.
Recall that
d(f«h) = fidh. (6.5)

where, if h is a zero form, then f.dh(z) = [Dxffl]T (Vh) o f~(z).
The scalar product in T*M is canonically defined by using the canonical duality 7 :
T*M — T, M defined by w(v) = (n(w),v), for all v € T, M. That is,

(Wi, we) = (m(w1), T(w2)) = wi(m(w2)). (6.6)
For each z € M and vy, ve, wi,we € T,y M we define
<’U1 A Vo, wi N ’LU2> = det(<’U7j, ’wj>). (6.7)

Assuming bilinearity, the above formula defines uniquely a scalar product among 2-forms.
Also, we define a duality from ¢ to 2 — ¢ forms via (see [1f, Appendix A] for more details)

(w,whwy = (=1 Dy A sw = (=1)C D A v = %0 A w. (6.8)

Since such a formula must hold for all /-forms, the (2 — ¢)-forms *w, *v are uniquely defined.
The operator “x” is the so called Hodge operator.

3The idea that currents are a relevant object to study in the context of the statistical properties of dynamical
systems goes back, at least, to [76]. See, for example, [75] and [4] for further use of k-forms in the dynamical
systems context.
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6.0.4 The Banach spaces and the main result

The operators f, have been studied for flows in [@] using appropriate Banach spaces. We use
the same notation and almost the same Banach spaces defined in [46, Section 3]. However,
since here we consider maps rather than flows, we do not have the requirement that the forms
be null in the flow direction (see [@, equation (3.5)]).

For any r € N, we assume that there exists o > 0 such that, for each 6 € (0,dp) and
p € (0,4), there exists an atlas {(Ua, ©qa)}aca, where A is a finite set, such that

O(Uy) = B2(0,305+/1 + p2),
Ua©;1(B2(0,26)) = M, (6.9)
1(©a)slloo + 1Oz )slloo <25 @0 0O |cr < 2.

Fix Ly > 0. For any L > Lg, let us define
Fr(p, L) :={F : B1(0,60) — R : F(0) = 0;

IDFlco(s,0,66)) < P 1Fllcr(B1(0,65)) < L}
Where the C" is defined as usual, e.g. see [@, equation (3.6)]. For each F' € F,.(p, L),
z eRY € R, let Gy p(€) : Bi(0,60) — R? be defined by Gy p(§) := z + (£, F(£)). Let us
also define ¥(p, L) := {G, r : x € B1(0,20),F € F.(p,L)}. For each « € A and G € ¥(p, L),
we define the leaf

Wac :={0," 0 G(&)}een, (0,30

For cach a € 4, G € X(p, L), note that W, g C U, := 05 (By(0,60+/1 + p?)) C U,. Finally,
we define %, = UGEi(p,L)WavG'

Given a curve W, ¢ € X, we consider Fﬁ’s(a G) as the C? sections of the fiber bundle on
Wa.c with fibers in AY(T* M), as defined in [@, equation (3.8)].

Following [@, Section 3] let V*¥(a, G) be the set of uniformly C*(U, ) vector fields, where
U, is any open set such that Uy, D Uy, D Wa G-

Let wye be the dg volume form induced on W, ¢ by the push-forward of Lebesgue measure
via the chart ©,'. Write L, for the Lie derivative along a vector field v. For all « € A, G €
Y, g € ngo(a,G),T/P = (v1,---,vp) € V3(a,G)P, let us define the functionals Jo g g0 :
CP — C by

JO¢7G,97DP (h) - / <g7 Lv1 T vah>wvol-
WQ,G

Next, forallpe N, ge Ry, p+qg<r—1,1€{0,---,d}, let
[Up,L,p,q,é - {Ja,G,g,DP‘O‘ € A7 G e Ea(pv L)7g € ngJrqa vj € Verq’

ngrﬁvp'*‘q(m(;) <1, HV]‘HCT’JF‘?(UQ?G) < 1}'

where, for v € V(a, G), [V]los(w, ¢) = 5Wa, (¥ €a,i) © O3 050 (Ua.0)-
Forallp e N, g € Ry, £ € {0,---,2}, we define the spaces BP9 as the closure of the C* ¢
forms with respect to the norm

|h]lpge=sup sup  J(h).

n<p JEU, 1,n,q,e

4We use the notation By(z,r) = {y € R? : |y —z| < r}.
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The main result of this section consists in the following Theorem which provides a rather
precise characterisation of the spectrum of the action on one forms, which is well known to
be related to the measure of maximal entropy and thus plays the same role of the operators
Lo in the previous sections.

Theorem 6.11. For each € > 0, for p,q large enough,

O-Bl"qvl(f*) N {Z eC : ‘Z| > /<;} — {ehtvp}
{6*htop7 ehtap} @] (O’Bp+1,q—1,o (f*) \ {Z eC : |Z| < 5}) C 0Bt (f*)
oprat(fe) C{z€C : [z[ <e}U {e_hmp, ehtOp} U ogp+t.a-1.0(fx) U opp-1.a+10(L),

where k € (0,1) is the mazimum of the modulus of the second eigenvalue of f. and L acting
on BPTLA=10 gnd BP=La+10 " respectively.

Remark 6.12. In fact, we conjecture that, for Amin{p.a} > ¢=1,

UBp,q,1(f*) \ {Z eC : ]z\ < 8} = {e_h“’p, eh“’p} U opp+1,a—-1,0 (f*) U ogp—1,4+1,0 (L’)} \ {1},

see Remark . This would be consistent with the fact that, by duality, the spectrum of
L equals the spectrum of f;! and that the spectra of f, on forms determine the Ruelle zeta
function, see [73], and the latter is described in term of periodic orbits, which are the same
for f and f~!. Accordingly, one expects a symmetry between the spectra of f, and f 1.

The next section is devoted to the proof of the above Theorem, while in Section we
present a minimalistic discussion of cohomology in the spaces BP%! and Section [] is devoted
to comments on the implications of such a Theorem and a comparison with existing results.

6.0.5 Proof of Theorem

We start with some preliminary results establishing minimal information about Hodge duality
and exterior differentials in our spaces of currents BP9,

Lemma 6.13. The Hodge duality map ®h := xh = hwg, between zero forms and two forms,
extends to a bounded isomorphism between BPIO and BP9? and ®L = f.®. In particular,

oppa2(fi) = oppao(L).

Proof. By equation (@), for each smooth zero form h, ®h = hwg. Thus equation (@)
implies ®Lh = f,®h for each smooth zero form. The injectivity follows since BP40, BP92 are
isomorphic to a subspace of the space of currents, see [16, Lemma 3.10], and the extension of
® to the current is an isomorphism. The result then follows by proving that ® is a bounded
operator. For each multi-index «, |a|] = p, smooth two form w and zero form h we have

[ wora) < ¥

Bty=a

< Cﬁ||WHCq+p(W)||h||3p,q,0

/ (w, 3Pwe)dh
w

from which the claim follows. O

5Note that if f. acts on some Banach space, then here one considers f; ! acting on its dual, so the relation
is not obvious a priori. Indeed, one does not necessarily expect fi ' to be a bounded operator when acting on
a Banach space on which f. is bounded.
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Lemma 6.14. The exterior derivative d extends to a bounded operator BP9t — BP—17Q+1,€+1.E
If h € BP%0 ) € C°(M,Ry), with the interior of supp(y) connected, and 1dh = 0, then
there exists ¢ € C such that ¢ (h — ¢) = 0.0 Finally, d(BP%°) is closed in BP~14T11,

Proof. If h is an ¢ form, then, for each ¢+ 1 form w and multi-index «, |a| = p — 1, we have
that there exists a constant Cy > 0 such that

] /W<w,a“dh>' < Cyllwllersagu Il

from which it follows ||dh|lp—1.g+1.041 < Cel|P|lp,q.e-
Next, let h,? be such that ¢»dh = 0. Note that BP%Y is isomorphic to a subspace of

the space of distributions (CP*9)’) see [@7 Lemma 3.10]. Let K = suppy and U = K, note
that U is connected by hypothesis. Thus for each smooth local function ¢, suppy C U, and
disintegration of w along a smooth foliation {W;} C 3, we have

/M PO, h = /dt/Wt<Zda:i,¢dh> = 0. (6.10)

It follows that 0,,h = 0 as a distribution on U, hence h = ¢ on U, for some ¢ € C. That is
(h—¢) =0on M. From [@, Lemma 3.10], again, it follows that ¢(h —¢) = 0 as an element
of BP0,

To conclude the Lemma we want to prove that d(BP%°) is closed in BP~ 1911, Let us suppose
that w, — w, in BP~H4+L with w, € d(BP%Y). That is, there exists =, € BP9 such that
wy, = d=,. Let én =g, — f v En- Then, for each function ¢ supported in a chart (U, ©4)

we can write
foo [, (o, 9)=
M M

Let & be such that [,, ¢ = ¢(2), thenl

/goén _ / do /01 dt%gp(i + (2 — 2))Zn(@)
= — 722; /M (T + (= 2)t){((x; — 7i), 0r,En(z)).

Hence, setting ¥y(z) = — 23:1 oz + (x — z)t)(x; — &;)dx;, we have, recalling equation @,

. 1 .
/SDE,L/ dt/ (T, o).
0 M

Arguing similarly for d°Z,, it follows that =, is a Cauchy sequence. Let = be the limit, then,
by the continuity of d, d= = w, hence w € d(BP4Y). O

SWith a slight abuse of notation we will call such an extension d as well.

"This essentially says that closed anisotropic zero currents are constant. Since for zero currents being closed
and being harmonic is the same, this is a little piece of Hodge theory, all that is presently needed. Yet, it
would be clearly useful to develop the Hodge theory in the context of anisotropic spaces.

8Since the foliation is smooth the Jacobian J of the disintegration is a smooth function and ¢ = J¢. Note
that £ is a smooth function on Wse.

9To simplify notation we do not write explicitly the change of coordinates =,.
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Spectral radius and essential spectral radius of f, and £

The first step in the study of the operators f,, £ is the following.

Lemma 6.15. The action of fs on £ form extends to a linear bounded operator from BP%*
to itself. With a slight abuse of notation we use f, for the action on each BP%*. Then, we
have

17PNl go.a0 < Cellllgo.ao

£l go.aa < Cre" =™ (|| go,a.

1120l gpao < CRAT™[[R]|gp.ao + Cyllh go-1.4+1.0

172 hllgoar < Coe ™ A7 |[Al| gpga + Cge™ ™ [Bl gp1.4411
1L Rl gp.ao < CoA™™ [l goaco + Cyllhll go-1.a41.0-

Proof. To start with let h € C*°(M, C) be a function, then

[ ez = [ onerm= [ worn i

where \? (z) is the contraction of f” in the direction T, W at the point z. We can divide f~"W
in a collection {W;} C X. Let {9;} be a smooth partition of unity subordinated to {W;}.
If A}, ; = mingew; Aj(x), then the usual distortion arguments implies, that for all z € W,
CiAni < An(s) < CyAy . thus, integrating [ f™(W;)| = fWi Ani 2 CyAy ;6. In addition, for all

q € N, [[A5(8)llcaqw) < CyAS, ;- Accordingly,

[ fl"‘h>' <3

<Gy Y 1 WSl o flleaqwy I llo g0

[ e f”,h>‘
Wi

< Cﬁ||90”cq(w)‘|h”0,q70

which, by density, proves the first inequality of the Lemma. Next, recalling equation @, we
have, for each v = 7(w), h a C* one form,

1 | fl‘h>‘ < ’ | rho)

Setting vn () = dgn () f"v(f"(x)), by the usual distortion arguments we have [|vn|cqqy,) <

—| [ e ot
w

Cu(/\i,i)_lllvllcq(w), hence

FRCRZIEE) DIy BRITETTS

hio
< Cye™ anWHCQHhHO,q,l

<G> Wil Y| Allg gy

where, in the last line, we have used |f~"W/| ~ e/or™, see [46, Appendix D]. Taking the sup
on W and w the second inequality of the Lemma follows.

The next two inequalities are proven, similarly, as done in [46, Lemma 4.7], while the last
follows by [44, Lemma 2.2] taking into account Lemma 5.13. O

We are now able to obtain a first information on the peripheral spectrum.
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Lemma 6.16. For p,q large enough, the spectra of f. on BP0 and on BP92 are contained
in {1} U{z € C : |z| < K} for some k < 1. The eigenvectors associated to the eigenvalue 1
are the constant function 1 and the measure psgp respectively.

Proof. By Lemma the action of f, on BP%? is conjugated to the action of £ on B4,
thus they have the same spectrum. But [44] implies that there exists k € (0,1) such that
oprao(L) C{1}U{z € C : |z] < k} and one is a simple eigenvalue. This proves the Lemma
for BP4:2,

Let us discuss B”9°. Lemma and Hennion’s Theorem imply that the radius
of the essential spectrum of f, acting on BP%° is at most A\~! while the spectral radius is
one, moreover the operator is power bounded. Accordingly, if f, has no eigenvalue on the
unit circle apart from 1 and 1 is a simple eigenvalue, then there exists a x that satisfies the
Lemma. Thus, we need only study eigenvalues of the form €. Since the operator is power
bounded, to such a maximal eigenvalue it cannot be associated a Jordan block, hence their
geometric and algebraic multiplicity coincide. Hence, we have the spectral decomposition

fo=2 T, +Q
j

where 0; € R, ILII; = 6115, 1;Q = QII; = 0 and ||Q"|| < Cys™. Suppose that e ¢
oppao(fi), 0 € R\ {0}, then there exists h € BP0\ {0} such that f.h = €?h, and, by the
spectral decomposition, there exists hg € C°° such that

n—oo N

1 n—1 )
h=lim =Y e fFn.
k=0
It follows that, for all p € C*°(M, (C),E

= 1\ B
/ ‘phwo:nh_?oloﬁze wk/ Soffhowozgl_{gogze Z6%/ @ hoo fFw.
M k=0 M k=0 M

But f~!is also a transitive Anosov diffeomorphism with its SRB measure, call it Hgrp, then

li “hoo f*wy = hug,
kggO/M(’D 00 f o /MSOWO/M HsrB

/ phwy =0
M

and since BP% is a space of distributions, see [46], it follows h = 0 contrary to the hypothesis.
We are left with case § = 0, that is the eigenvalue 1. Since 1o f~! =1, one is an eigenvalue,
we want to prove that it is simple. Let f.h = h, and let hy as before,

‘ / whwy
M

Thus h € L®(wp) (the dual of L'(wp)), and h = ho f~!, wg-almost surely. On the other
hand, since wq is ergodic for the Anosov map, it follows that A is almost surely constant.
Thus 1 is simple point spectrum for f, acting on BP9, O

which implies

1 n—1 L
< 1 - . - < .
< lim - kZ_O/M ] - [hol o f ™ wo < [l L1 (wo) IR0l co

ONote that the integral on M can be decomposed as an integral over elements of ¥, which are continuous
functional in the B?'? norms, hence we can exchange the limit with the integral.
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The peripheral spectrum of f, acting on BP%!

Here, we start a more in depth study of ogp.q.1(fx).

Lemma 6.17. The spectrum of f, on BP%! contains e™tr, which is also the spectral radius. In
addition, the essential spectral radius is bounded by e™tor \=™0P:2} | The eigenvector associated
to eMor is the Bowen-Margulis measure and, together with the dual eigenvector defines the
measure of maximal entropy.

Proof. The statement on the spectral radius and essential spectrum follows from Lemma
and Hennion’s Theorem R2.23. Next, if v is an eigenvalue of f,, |v| = e/, then, by Lemma
, v~ " f, is power bounded, hence it cannot be associated to a Jordan block. Let h € BP9
be an eigenvalue, then, by Lemma again, ||h||ge.ar < Cyl|h]|go.p+a.r-

Next, let v%(z) € C(x) be a smooth normalised vector field. Then, for each w € CP19,
W e ¥Xandn € Nlet v = 7(w) and v = w + v* where v belongs to the tangent space of
W and v"(2) = a7 ()" (f"(2)). Note that allersaqsoniuy) < A-"Celillree

Thus,
o] = | ftemmsn] = / o

'/ v hpn ) (def TMw(@)) ) + ’/ (@) hpn () (0" (f " ())d

<GY [ @y ol @) de + CA g ol

where w; belongs to the tangent space of W; and ||w;||cp+e < [|w|co + A7 ||w||ep+q. Thus,

‘/ <w,h>' < Cylf "W o e ™ ]| gorac|wllco + CeA|[Bllgo.sras[[v]lpta
w
< Cyd Ml gowran [wlico + CAT [l gow+an [wleota

where, in the last line, we have used the estimate on the growth of invariant manifolds, see
M6, Appendix C] for details. Taking the limit n — oo and the sup in W and w yields

|7l go.0a < Cyllh] gpasa-
Next, let v* be the normalised stable direction. Then, setting ¢(z) = In|d s f~ v (f(2))],
o f 70 () = €30 SO (47 ).
We can then define the transfer operator
L.g(z) = go f"(z)e?®, (6.11)

Defining the map I' : B%%! — M, the space of signed measures, by I'(h) = h(v*)wp, we have

/M £ (B)(gv*) = /M 9L.T(h),

In [45] is proven that £, is has maximal eigenvalue e~"*» and the associated eigenvector is
the Bowen-Margulis measure. This concludes the Lemma. O
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Deeper in the spectrum of f, acting on BP%!

By Lemma we can extend the de Rham cohomology to the currents in the spaces BP9,
In other words we can call closed the elements w € BP%¢ such that dw = 0 and ezact the ones
for which it exists a € BPT14~1L=1 such that w = da.

Remark 6.18. By equation (@) and Lemma it follows that f. sends closed currents
into closed currents and exact currents into exact currents. Hence f, induces an action in
cohomology (of the BP4* currents), let us call it f;.

The next result shows that such a cohomology (let us call it anisotropic cohomology) is
relevant to our problem.

Lemma 6.19. If v € opgpai(fs), and w € BP9l gre such that fuiw = vw and lv| >
ehtor \= AP0} then either w is not exact or v € ogpira-10(f)\{1}. Moreover, ogp+1.a-1.0(fi)\
{1} C ograr(fs). If v € (0ppar(fie) \ Or-1.4+1.0(L)) U{1}, then for each w € BP%! such that
few = vw we have dw = 0.

Proof. To start with note that, by Lemma , v must belong to the point spectrum.
Let v € (0ppat(fe) \ 0gpao(fs)) U {1} and w € BP%! such that f.w = vw and suppose
that w is exact. Thus, there exists h € B9~1P+L0 such that dh = w. This implies

vdh = f.dh = df.h.

That is d(f<h — vh) = 0. It follows by Lemma that fush = vh + c¢. By a change of
variable it follows that the dual (f.)" of fs is given by the transfer operator £y-1 associated
to the map f~!. Since f~! is Anosov as well Lemmata and apply and the measure
psr associated to f~! belongs to the dual of BP4Y. Since f.1 = 1 and the space V = {h :
fM hdpugrs = 0} is invariant for f,, it is natural to write h = o+ g with « € C and g € V.
Then, we have

ctrva+vg=a+ fig.

Applying perp to the above implies ¢ = «(1 — v), hence vg = f.g. The only possibility
is then v = 1 but the associated eigenvector would be 1 ¢ V, it follows g = 0. But then
w = dh = da = 0. Hence, w cannot be exact. The inclusion of the spectra is obvious.

If faw = vw and dw = hwy, by Lemma we have Lh = vh. Accordingly, either
v € ogp-1,4+1,0(L) or h = 0, that is dw = 0. On the other hand, if v = 1, then hwy = psrs-

Hence, dw = pgrp and
/ UsrB —/ dw =0
M M

which is impossible since psgp is a positive measure. Accordingly, it must be dw = 0, that is,
again, the form is closed. O

To conclude we need a theory of anisotropic de Rham cohomology, such a general theory
goes a beyond our present scopes so we will develop only the minimal version needed here.
This is contained in Section , and in particular in Lemma which states that the
anisotropic cohomology of one forms is isomorphic to standard de Rham cohomology. In
particular, this implies that the vector space of the equivalence classes is finite dimensional,
hence f, defined in Remark , has only point spectrum, let us call ) the spectrum of f;
when acting on one forms.

Next, we want to identify 2. As stated in Remark @ this is the only place where we use
that our map is topologically conjugated to the linear model.
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Lemma 6.20. We have Q = {e~or elior},

Proof. Lemma implies that the anisotropic de Rham cohomology for one forms is a
topological invariant, hence so is f;. Since our map is conjugated to a linear model f; is
conjugated to the action of the linear model on homology. The Lemma follows by a direct
computation, see [b2, Section 3.2-¢| for details. O

The following Lemma concludes the proof of Theorem .

Lemma 6.21. For each € > 0, if p,q are large enough, we have

QUogpria-10(fs) \ ({1 U{z €C : 2] <e})| Coppar(fs)
| ( )]
Tpman (fi) C [{z €C : |2| < e} UQUogpiaro(fs) Uopriario (c)} \ {1}

Proof. Lemma implies that if p,q are large enough we have to worry only about point
spectrum.

Thus, if v € ogp+1,e-1.0(fx) then there exists 0 € Brt1.a=L0 gyuch that f.0 = vf. This
implies that f.df = vdf so either df = 0, but then by Lemma we have h constant and
v=1,orv € ognai(fi)

If v € Q, the spectrum of f; (defined in Remark ), then it means that there exists
w e BY?! and ¢ € BPHHa-10 such that fuw = vw + dip, that is fy[w] = v|w], where [w] # 0 is
the equivalence class of w. If v € ogpr1.4-1.0(f+), we can define § = (v — f,) 11 and

(v — f)do = do.

But then fi(w + df) = v(w + df) which implies v € O'Bg,q,l(f*) unless w + df = 0. But the

latter possibility would imply that w is exact, that is [w] = 0, contrary to the assumption.
This proves the first inclusion of the Lemma.

To prove the second inclusion note that if fiw = vw, w € BP% and v € ogp-1,4+1.0(L)\{1},
then the last part of the Lemma implies dw = 0. Then fy[w] = v|w], thus either v € O
or [w] =0, i.e. wis exact. Butif v &€ ogp+1,4-1,0(f. 1} the first part of Lemma implies
that w is not exact, hence [w] # 0. Since Lemma @ implies 1 ¢ 2, the Lemma follows. [J

Remark 6.22. 1t is conceivable that Lemma could be upgraded to an equality. Indeed,
suppose_that for a two current [ y w = 0 implies that there exist a one current ¢ such that
w = df.Fd Then if fiw =vw, v # 1 and w # 0, we have wa = 0 thus we can write w = df
and d(vf — f.0) = 0. Thus v — f.0 = ¢ with d¢p = 0. Hence, if v & ogp.q.1(fs), we have
0 = (v — f.)" . Since d(z — f.) 1 is a meromorphic function and for large z the Von
Newman expansion implies the it is zero, we have df = 0, a contradiction. Hence the second
inclusion of the Lemma would be an equality.

6.0.6 Application to the measure of maximal entropy

In this section we prove Theorem .

Lemma implies that there exists £, € (BP%1) and hy € BP%! such that f.h, = e h,
and £, (f.w) = eMorl, (w), for all w € BP®!. In addition, £,(0hy) = ppn(p). Lemmata
and ﬁ imply that the rest of the spectrum is contained in {z € C : |z| < k} for some
k € (0,1). Tt follows that the spectral decomposition f, = e®*rh, ® £, + Q with £,Q = 0,

HThis is equivalent to studying the cohomology for two forms.
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Qh, =0, £(h) =1 and ||Q"||p,q1 < Cyx™. Also note that the multiplication by a smooth
function is a bounded operator. Thus

/M g0 ["hdugu = li(g o fPhhy) = e "Mor L, (fI(g o fhhy)) = e el (g f T (hhy))
= o (ghe)le(hhy) + e "er, (gQ™ (hhy)).

It follows that, for r large enough,

'/ go ["hdppy _/ gd,U«BM/ hdpig
M M M

6.0.7 Anisotropic de Rham cohomology

< CillgllerIhllere "o k.

While to develop a theory of anisotropic de Rham cohomology as well as the relative Hodge
theory may certainly be of interest, in this section we will develop only the bare minimum
necessary to our needs and we will keep the arguments as elementary as possible.

Without loss of generality we can, and will, assume that there exist good covers {U}},
and {U,} such that U} D U,, and a partition of unity {ts} subordinated to {U,}. Also let
{1F} be such that supp(¢F) C Ut and ¥ |y, = 1.

Lemma 6.23. If h € BP%! is closed then, for each o, there exists H,, H} € BPTH4=10 sych
that dHy, = hipe + HY dibo and Hy = HI v,

Proof. For each U, let us choose z, € O,(U} \ suppyt). We start assuming that h is a
smooth one form and we define, for all x € U,

1
Ha(a]') = /0 @a*hxa(l_t)+tx(x — .'L'a)dt (612)

Also, for simplicity of notation, we confuse h and ©Ouh =: ), hidx; and set Yjin,(t) =
To(l —t) + tx. Then

2 1
0nHalz) = 3 [ [60510) 0 i) — )t + i 0 (0]
k=170

2 1
_ / H(Doyhe) © Yime ()(F — T + i 0 ina ()
k=10

1 6.13
— [ tdh(x — zq,€) (6.13)
0

1 1
d
/0 % [thi © Nin,z (t)] - /0 t dvhn’r(t)h(x — T, ei)
h;

1
(x) — /0 tdy, (@ —2q,€).

Thus, if h is a closed form, then we have dH, = h.

2Recall that a good cover is a cover such that, for each collection A of indexes, NaeaUs is contractible.
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Next, let v € ¥, and ¢ € C(v), and set Hy = Yo Ha, 9o = pa © 7, then
2 b 1
[ o= > / s [ dtpa(s){des 0.} (a1 = )+ 1)) - (1(5) — )

—Z/ it~ /t dspa(t5) (s, Oush)(za(l — ) + ty(E18)) - (Y(E 1) — 2.

If we define y4(s) = zq(1 — t) + ty(t~1s), then v/(s) = 7/(t71s) € C*, and setting Po+ =
Z?Zl 0a(t™1s)(y(t71s) — 24)idx;, we have, for some ¢, € (0, 1),

1
/ - Hy = / g1 / (ot h). (6.14)
Y Co Yt

Equation () implies that H, is a continuous functional of h hence it can be extended to
all h € B>%!. By the same scheme we can define H} = ¢Z H, when h € B>%!. Next, setting
Ty = xo(l —t) +ty(s) and using (), we have

1
/ 00, Hoy — / b, B) + / dt / (ot wddzi) + dh
ol ol 0 Yt

(6.15)
+ /(cpdxi,dwa)H;.
v

Hence, if h is closed, dH, = Yoh + Hido. If h € Bl’q’ is closed, then there exist smooth
forms h,, that converge to_h. Moreover, by Lemmata [ j it follows that dh,, — 0 in
B%a4+1.2 hence equation () implies

HHa,n - Ha,m”l,q—l,O S ”hn - hmHO,q,l + Cﬂ”dhn - dhm”O,q+1,27

thus H, ,, is a Cauchy sequence in B14~11. Analogously, one can prove that H, :{ » is Cauchy
and, calling H,, HX the limits, we have dH, = ¥oh + HI di),.

Similar arguments show that if h € BP%! and closed then H,, HS € BPt1.4710 and
dHy = Yoh + Hf diy. O

Lemma 6.24. There exist constants c, g € C such that, for all o, 3,
YatbpHY — Hy + Ca,p] = 0.
Proof. By Lemma follows

d([H+ H+]"‘/}a¢5) = d( Hatpp — Hﬁwa)
= Hlpdpo + Hadipp — Hyados + Hpdia
= [HJ_ - H;’r]d(wad]ﬁ)

This implies Yatpd[H — HE] = 0 and the Lemma follows thanks to the last assertion of
Lemma [.14. ]

This fact allows to obtain our basic result.

Lemma 6.25. The anisotropic de Rham cohomology for one forms is isomorphic to the
standard de Rham cohomology.
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Proof. The first task is to understand when h € BP%! is exact. Let & = (c,) € CV, where
N = ${U,}, and define H(% =Y (HY +cq)a. If his exact, then there exists § € BPH1.4—1.0
such that df = h but then

VYad(0 — HI) = 0.

Then Lemma implies that there exists ¢, such that 1, (0 — HI —c,) = 0, hence for such
a collection of constants ¢ = {c,} we have § = H(¢). It follows h is exact if and only if it is
possible to choose ¢ so that dH (¢) = h.

To start with we have thus to compute

dH(e) = thah+ > (HI + co)dba = h+ Y (HI + ca)tpgdiba. (6.16)
@ « a,B

Accordingly, if
(Hy + ca — Hi — cp)pdipa = 0, (6.17)

then,

Y (HE +ca)bpda =Y (HF + ca)pda = Y (HY +cg)pd (Z %) =0,
o, a,f B o

and, recalling equation (), dH (¢) = h. To conclude note that the problem is now reduced
to the study of the Cech cohomology H'(U,C) where U = {U,}. Indeed, a 1-cochain f is a
1-cocycle iff for each 2-simplex (Uyy, Uq,, Ua,) holds:

f(UaD Ua2) - f(Uao’ Uaz) + f(Uaov Ua1) =0 (6'18)

while it is a coboundary if there exists a 0-cochain g such that for all 1-simplex (Uy,, Uq,)
holds

f(Uo, Ur) = g(Uo) — g(U). (6.19)

Accordingly, we can interpret the constants ¢ = {c,} as O-cochain and the constants C' =
{ca,}, in Lemma , as a 1-cochain. Then Lemma @ implies that C' must be a 1-cocycle.
To see it, given any 2-simplex {Uy,, Un,, Ua, } consider any smooth function ¢ such that its
support is strictly contained in Uy, N Uy, N Uy,, then, by Lemma and the definition of

{ta},

0 _/ ¥ [H:yrl - Hoj + Cay,ap — H;ro + H:yrz — Cag,az + Hojo - H;r + Caoaal]
M

2 1
:/ ¥ [CQLOZQ — Cag,az T ca(),al]
M

which implies ¢, 05 — Cag,as + Cag.ar = 0 by the arbitrariness of .

On the other hand equation (@) is satisfied iff C' is a 1-coboundary. To see this, let
{Uag,Uq, } be a 1-simplex. We can assume w.l.o.g. that ¢,,ds, # 0 otherwise 1,, would
be constant different from zero and one on supp(ta,). But then for each sufficiently small
¢ such that supp(0) C supp(va,) the set {a} = {¥atagfag,ar} U {%ar — 0,90, + 0} would
still be a partition of unity subordinated to ¢ and one can choose 8 such that ¥a,dipa, # 0.
We can then find an open set U C Uy, N U,, such that ¢,,dipo, # 0 in U. Then, using

3Note that Lemma implies that Yo dHT = hibq.
"“Recall that {Uay, ..., Ua, } is a g-simplex if N_ U, # 0 while a g-cochain is a function from the g-simplex
to C.
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equation () multiplied by ¢(t0a,d1a,) "' and the statement of Lemma multiplies by
©(Vapa, )1, for each ¢ supported in U we have

0= /M ‘2 [Honro + Cag — Hz; — Cay — H;ro + Hz; - CO&O,Oél] = /M ¥ [cao — Coy — cOéO@l]

which, by the arbitrariness of ¢ implies cqg,a; = Cag — Cas -

The above discussion implies that h is exact if and only if C is a 1-coboundary. This
implies the BP%! cohomology is isomorphic to the Cech cohomology, which is isomorphic to
the de Rham cohomology. O
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Chapter 7

Conclusion and comparisons

While the results for the simple case studied in Section 3 are fully satisfactory, the results
in Section 4, 5 and 6 are still partial. Indeed, we show that the preset approach yields
rather sharp results for the operator associated to the measure of maximal entropy, but less
information is obtained, e.g., for the operator associated to the SRB measure. It is possible
that considering the commutation of different operators with the transfer operator more
information can be obtained, but this requires further work.

Also, in sections 4, 5 we consider only one dimensional maps, yet the present approach
seems amenable to extension to the higher dimensional setting. In particular, the arguments
of section 5 should allow to considerably improve [@], at least for small potentials.

In the case of two dimensional hyperbolic maps, presented in section , our approach
reproduces in a unified manned all the known results. Theorems and are a refinement
of [Q, Corollary 2.5], which contains slightly stronger results than [@] In addition, for the
application to toral parabolic flows, we can obtain the exact equivalent of [§, Corollary 2.3]
which is sharper than the corresponding results in [40]. Indeed, if h; is the unit speed flow
along the stable manifold of an Anosov map f then our results yield (see [47] for details)

T
[ oo~ mmp@‘ < Glglloe

which implies that the ergodic average either grows linearly, or g is a cocycle. (See also [@]
for a very recent and short proof of a logarithmic bound in a more general setting.)

We have thus seen that the present approach both reproduces the results in [B], and
enlightens the connection with the action in cohomology (already present, in some form, in
fd 1)

In conclusion, the present strategy unifies and refines the existing results in all the cases
we have presented. In addition, it appears amenable to further generalisation. In particular,
it seems possible to extend it to the higher dimensional case.

Another promising direction would be to apply it to Anosov flows where some hints of the
relevance of some type of cohomology already exists (e.g. see [@]) Along the same lines, it is
reasonable that our ideas can yield relevant results if applied to pseudo-Anosv and partially
hyperbolic maps.
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